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a b s t r a c t
The ﬂow ﬁeld in the wake of a high-speed train is studied by cluster analysis and a cluster-based
reduced-order model (CROM) is derived. The CROM strategy is a generalization of the Ulam–Galerkin
method for the approximation of the ﬁnite-rank Perron–Frobenius operator and constitutes a data-driven approach to extract physical mechanisms in an unsupervised manner. Time-resolved data is ﬁrst
clustered into groups by using the k-means clustering algorithm to yield a small number of representative ﬂow states, the cluster centroids. Then, the cluster transitions are modelled as a Markov process. A further analysis of the derived dynamic model provides information on the interaction of the
dominant structures in the ﬂow. The ﬂow ﬁeld around a generic high-speed train model, here the
Aerodynamic Train Model, is obtained from a large-eddy simulation. This train model is designed to
reproduce the geometrical features of the ICE2 train. The extracted ﬂow structures can be associated with
longitudinal vortices and vortex shedding. Furthermore, these structures are found to be associated with
either states of low or high drag of the train.
& 2015 Elsevier Ltd. All rights reserved.

1. Introduction
Examples of aerodynamics issues concerning railway systems
are numerous (Raghunathan et al., 2002). The ﬂow ﬁeld beneath
the train can cause the gravel stones to dislodge (ballast ﬂight),
which might cause damages on the train (Quinn et al., 2010;
Jönsson et al., 2012). When trains enter a tunnel, pressure waves
are formed at the nose of the trains (Heine et al., 2012; Uystepruyst et al., 2011; Muñoz Paniagua et al., 2014). These waves
propagate inside the tunnel with the speed of sound. One part of
the waves is radiated to the surrounding environment at the
opposite tunnel entry. The other part is reﬂected and travels back
inside the tunnel. The ﬁrst part contributes to noise pollution of
the surrounding environment, and the second reﬂected part hits
the train inside the tunnel causing increased mechanical stress on
the train as well as vibrational discomfort for the passengers.
Travelling inside tunnels also increases the drag of the train signiﬁcantly (Kim, 1997).
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Aeroacoustically produced noise is another source of environmental noise pollution during train operations. The source of the
noise is ﬂow separation caused by either the detachment of the
boundary layer on the train or by vortex shedding from protruding
structural elements on the train. For instance, the vortex shedding
behind the pantograph causes a monotone noise that propagates
far away from the railway. The strength of the noise is proportional
to the train speed by a power of 6–8 (King, 1996). Thus, noise
alleviation is of immense practical importance as train speed
increases.
Aerodynamically induced drag on the train contributes to the
overall energy demand for the railway system. For high speed
trains (HST), largest contribution to the aerodynamic drag comes
from viscous friction along the train body (Orellano and Sperling,
2009). The second largest contributor is the pressure difference
between the nose and the tail of the train.
Another issue is the slipstreams (Muld, 2012), i.e., the air during
traction that is being dragged along by the viscous friction on the
train. Induced wind gusts are sweeping over platforms when
trains pass. Too strong wind gusts can cause danger to passengers
standing on the platforms. Therefore, the train industry is subjected to regulations concerning the allowed slipstream velocities
around trains. Sterling et al. (2008) summarized experimental
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work on slipstreams for high speed and freight trains. Four regions
of the ﬂow around the train are the main constituent part of the
slipstream: the ﬂow upstream and around the nose of the train,
the boundary layer along the train, the near wake and the far
wake. For high speed and freight trains, the largest velocities occur
in the boundary layer region and in the near wake (Sterling et al.,
2008; Muld et al., 2012, 2013).
The ﬂow around high speed trains is inherently unsteady.
During cross winds, a longitudinal vortex is formed along the leeward side of the train that induces large transients in the side and
lift forces (Hemida, 2008). The moments exerted by these forces
can in extreme cases cause overturning of the train. The ﬂow in
the wake depends on the geometrical conﬁguration of the tail. For
conﬁgurations with a steep tail slope, the ﬂow organizes as a bluff
body wake ﬂow with a quasi-steady separation bubble with ﬂow
separating from all the four rear edges. For conﬁgurations with a
ﬂatter slope, two longitudinal counter-rotating vortices emerge
from the ﬂow separating at the sides of the tail. This phenomenon
is the same as observed for the ﬂow in the wake of axisymmetric
cylinders when varying the slant angle (Morel, 1980) and the
C-pillars vortices at the base of passenger cars with a slanted rear
(Ahmed et al., 1984; Krajnović and Davidson, 2005a,b).
Cluster-based reduced-order modelling (CROM) (Kaiser et al.,
2014) is a recently developed method for extraction of ﬂow
structures and Reduced-Order Modelling. CROM combines the
cluster analysis (Burkardt et al., 2006) and transition matrix
models in ﬂuid dynamics (Schneider et al., 2007). This approach
constitutes an alternative to ﬂow decomposition methods such as
the Proper Orthogonal Decomposition (POD) and the Dynamic
Mode Decomposition (DMD) as well as to reduced-order modelling techniques such as POD models. CROM processes a timeresolved sequence of spatially resolved ﬂow snapshots in two
steps. First, the snapshot data are clustered into a small number of
representative states, called centroids. The probabilities of the
snapshots of the instantaneous ﬂow to be in the centroids are
determined, and the centroids are sorted by analysis of a transition
matrix. This transition matrix determines the probability of the
ﬂow to transition from one centroid to the others. Secondly, the
transitions between the states are dynamically modelled using a
Markov process. Physical mechanisms are then distilled by a
reﬁned analysis of the Markov process.
In this work, the ﬂow in the wake of a generic high speed train
model is studied by CROM. The time-resolved ﬂow around the
high speed train model needed for the cluster analysis is obtained
by large eddy simulation (LES). Previously, many generic vehicle
bluff body ﬂows have been investigated using LES (Krajnović,
2002, 2009; Östh, 2014), such as the ﬂow around a squared backed
Ahmed body (Krajnović and Davidson, 2003; Östh et al., 2014), the
ﬂow around a simpliﬁed heavy vehicle (Östh and Krajnović, 2012),
the ﬂow around generic high speed trains (Hemida and Krajnović,
2009; Hemida et al., 2012, 2010) and the ﬂow around freight trains

(Hemida and Baker, 2010; Östh and Krajnović, 2014; Liu et al.,
2014).
The paper is organized as follows: Section 2 presents the train
model, the ﬂow conﬁguration, the numerical set-up of the LES, as
well as a brief presentation of the ﬂow ﬁeld obtained from the LES
simulation. Section 3 describes the CROM algorithm. The results
from the cluster analysis applied to the LES data are presented in
Section 4, and the work is ﬁnally concluded in Section 5.

2. Conﬁguration
The section describes ﬁrstly the generic high speed train model
in Section 2.1. The ﬂow conﬁguration and the numerical wind
tunnel are then described in Section 2.2, and the LES method used
to simulate the ﬂow around the train conﬁguration is outlined in
Section 2.3. A brief overview of the ﬂow ﬁeld and the forces acting
on the train, as obtained from the LES simulation, is presented in
Section 2.4.
2.1. The high speed train model and the computational grid
The generic high speed train model used in the present work is
presented in Fig. 1(a). The model is a generic ICE2 train, also know
as the “Aerodynamic Train Model” (ATM) (Orellano and Schober,
2006). Different conﬁgurations of the ATM are studied in the literature. The differences between the conﬁgurations are the length
of the train and the inclusion or exclusion of details such as the
boogies and gap. In the numerical work by Muld et al. (2009, 2012,
2013, 2014) on the ATM, boogies and gaps were included. In that
work, Detached Eddy Simulation (DES) was used to simulate the
ﬂow around the trains. In this work, LES is used. As LES generally
requires higher spatial resolution and consequently more computational degrees of freedom in the computational grid, and since
the focus of the present work is on the ﬂow structures in the wake,
a completely smoothed model is considered, as depicted in
Fig. 1(a). The conﬁguration of the model used in the present work
was also used in the numerical study on cross winds by Hemida
and Krajnović (2009). The height of the model is H ¼0.358 m, the
width of the model is W¼ 0.302 m and the length equals
L¼3.560 m ¼9.94H. These dimensions correspond to a 1:10 relationship with the real dimensions of a train. Although the ATM
model previously has been studied in experimental and numerical
work, no direct comparison with the conﬁguration studied in the
present work is available. Therefore, in order to assess the grid
dependence on the results two computational grids were
employed. A coarse grid containing 21 million grid points and a
ﬁne grid containing 34 million grid points. Fig. 1(b) shows the ﬁne
grid in the wake. The grids contain only hexahedral elements and
were constructed the block-structured technique in Ansys Icem
CFD.

Fig. 1. (a) The train model seen from behind in a perspective view. The train surface is viewed together with the computational grid on the surface. (b) The computational
grid in the wake.
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described as compact as possible. We refer the reader to e.g. Östh
and Krajnović (2012) or Östh and Krajnović (2014) for a more
detailed description. The LES equations are discretized using a
commercial ﬁnite-volume code (AVL, 2013) using a co-located grid
arrangement and the discretized equations are solved for the
velocities. The pressure is obtained by a pressure-correction procedure. The obtained spatial resolution in the simulation was ﬁne
enough to be considered a well-resolved LES according to the
common conventions in the ﬁeld (Davidson et al., 2010). The
spatial resolution is detailed in Section 2.4. The convective ﬂuxes
are approximated by a blend of 95% linear interpolation of second
order accuracy (Central Differencing Scheme) and 5% upwind
differences of ﬁrst order accuracy (Upwind Scheme). The diffusive
terms containing viscous plus sub-grid terms are approximated by
a central differencing interpolation of second order accuracy. The
time marching procedure is done using the implicit second-order
accurate three-time level scheme.
2.4. LES results

Fig. 2. The numerical wind tunnel.

2.2. Computational domain and boundary conditions
The numerical wind tunnel used in the LES simulation is shown
from a top view in Fig. 2(a) and from the side in Fig. 2(b). The train
model is placed 8H from the inlet, and the ground clearance
between the train and the ground is 0.15H. The domain extends
20H downstream from the tail of the train. These lengths are
standard lengths used in numerous numerical studies on vehicle
bluff body ﬂows. See for instance the references by the authors
and others mentioned in the introduction. The width and the
height of the computational domains are set to 7H and 5H,
respectively. These dimensions give a blockage ratio of some 2.5%.
The origin of the cartesian coordinate system is located at the
point furthest downstream on the tail of the train, as depicted in
Fig. 2(a) and (b). The x-axis of the coordinate system corresponds
to the global streamwise direction, the y-axis corresponds to the
transversal direction in which the side force acts on the train and
the z-axis corresponds to the direction in which the lift force acts
on the train. Shown in Fig. 2 is also the domain Ω. In this domain,
the velocity and pressure ﬁelds are sampled during the simulation.
The cluster analysis is performed in this subdomain. On the inlet of
the computational domain a uniform velocity proﬁle is set. The
inlet velocity, U∞, is set to 4 m/s, corresponding to a Reynolds
number based on U∞ and H of ReH = 86, 000. This Reynolds number
is in the same order as the ones used in the DES simulations by
Muld et al. (2009, 2012, 2013, 2014). On the sides and roof, the noslip condition is used and on the outlet the homogeneous Neumann condition is applied. In the ground the no-slip condition is
set together with setting the streamwise velocity component to
U∞, in order to model the movement of the train.
2.3. LES numerical set-up
The database of the time-resolved ﬂow around the high speed
train model that is used in the subsequent cluster analysis was
produced using numerical simulations employing the LES technique. The governing ﬁltered incompressible Navier–Stokes equations are closed using the non-linear subgrid-stress model originally proposed by Smagorinsky (1963). The method has already
been used in numerous scientiﬁc investigations of vehicle aerodynamics bluff body ﬂows, and thus, herein the method is only

This subsection presents the mean and instantaneous ﬂow in
the wake of the train model, as it is important for the general
understanding of the paper. If not stated otherwise, the presented
results are from the ﬁne grid simulation. The simulations were run
for 100,000 numerical time steps, which is equivalent to 325
convective time units, based on the free streaming velocity U∞ and
the height of the train, H. During this time window, 2000 snapshots of the ﬂow ﬁeld in the domain Ω (see Fig. 2) were sampled.
This database of ﬂow snapshots is the input to the cluster analysis
presented in Section 4. Thus, the sampling frequency corresponds
to a non-dimensional frequency, based on the convective time
unit, of St ≈ 6. The time-averaged values of the spatial resolution
were computed after the simulations. The applied computational
grids yielded a spatial resolution expressed in viscous units on the
train model of 〈Δn+〉 = 1.5, max (Δs+) = 25 and max (Δx+) = 80 for
the ﬁne grid, and 〈Δn+〉 = 1.5, max (Δs+) = 50 and max (Δx+) = 120
for the coarse grid. Δn denotes the wall-normal direction, Δs
denotes the spanwise directions and Δx denotes the streamwise
direction. 〈〉 represents the spatial and time-averaged mean on the
train body, and max() represents the maximum values found on
the body.
The time-averaged pressure coefﬁcient, Cp, is compared for the
coarse and ﬁne grid in Fig. 3(a). The coordinate xn in the ﬁgure
starts on the front of the train in the stagnation point, and extends
downstream along the roof of the train and the back again along
the underhood to the starting point. The pressure coefﬁcient from
the coarse and ﬁne grid is in exact agreement everywhere on the
train body except for a small deviation on the trailing face
(x⁎ ≈ 10). A comparison of the velocity for the two grids is presented in Fig. 3(b). The ﬁgure shows the time-averaged streamwise
velocity component along three vertical lines in the symmetry
plane in the wake of the train. The lines start at the ground and
extend over the roof of the train. The lines A, B and C are located at
streamwise positions x A /H = 0.66, x B /H = 1.00 and xC /H = 1.33,
respectively.
The time evolution of the aerodynamic coefﬁcients is presented
in Fig. 4. The coefﬁcients are deﬁned as

CD (t ) =

Fx (t )
;
1 2
ρU∞ WH
2

CS (t ) =

Fy (t )
;
1 2
ρU∞ WH
2

CL (t ) =

Fz (t )
.
1 2
ρU∞ WH
2

(1)

Where Fx(t), Fy(t) and Fz(t) represents the instantaneous viscous
and pressure forces integrated over the train body.
The time-averaged values of the drag and lift coefﬁcients are
presented in Table 1. For the drag force, it is found that some 55%
is due to the viscous force and some 45% is due to the pressure

330

J. Östh et al. / J. Wind Eng. Ind. Aerodyn. 145 (2015) 327–338

decreased (pointed out as NP (Negative Pressure) in Fig. 5(b)).
When the ﬂow separates from the curved edges, the pressure is
recovered. This ﬂow separation is pointed out as SL (Separation
Line) in Fig. 5(b). On the lower part of the tail, the imprints of the
two longitudinal vortices (LV (Longitidunal Vortex) in Fig. 5(b)) can
be seen in the pattern of the surface streamlines. The reversed
ﬂow upwards along the lower part of the tail is also pointed out as
RF (Reversed Flow) in Fig. 5(b).
One snapshot of instantaneous ﬂow is visualized in Fig. 6. The
ﬁgure shows isosurfaces of the second invariant of the velocity
gradient tensor, Q. For the value of Q shown, it is evident that there
is more vorticity in the ﬂow on the lower part of the tail of the
train, than on the upper part. Although there are longitudinal
structures detectable downstream of the tail, the instantaneous
ﬂow picture is more complex than the time-averaged one.

3. Cluster-based reduced-order modelling (CROM)

Fig. 3. Grid comparison. (a) Comparison of the pressure coefﬁcient along the
centerline of the train. (b) Comparison of the streamwise velocity component in the
wake.

force. It is seen in Fig. 4(a) that the drag force exhibits a low-frequency drift. A spectral analysis of this signal reveals peaks at
St¼ 0.005, 0.012, 0.022, 0.04, 0.07 and 0.13. Both the side and lift
forces show higher frequency content, which is corroborated by a
spectral analysis which yields broad band spectrum for both signals with many peaks without any dominating ones.
The time-averaged ﬂow in the wake is presented in Fig. 5.
Fig. 5(a) shows vortex cores (black lines) computed from the timeaveraged ﬂow. The vortex cores are computed in the EnSight
visualization package. The algorithm in EnSight for vortex core
identiﬁcation is based on critical-point concepts for ﬂuid ﬂow (e.g.
Perry and Chong, 1987) and ﬁnds eigenvalues and eigenvectors to
the rate-of-deformation tensor of the velocity ﬁeld. A full
description of the algorithm is given by Sujudi and Haimes (1995).
The algorithm can produce non-existing cores and should only be
used as a tool to help localize vortices. Therefore, we plot
streamlines projected onto planes (P1, P2 and P3 in Fig. 5(a))
around the cores to corroborate their existence. The time-averaged
ﬂow after the train is dominated by two longitudinal vortices, as
was also found in the studies by Muld (2012). These vortices originate already from ﬂow separating from the sides on the lower
part of the train. The planes in Fig. 5(a) are colored by the stream
wise velocity component of the time-averaged ﬂow. It is interesting to note that closest to the train (P1), the streamwise timeaveraged ﬂow is reversed, while further downstream, the
streamwise component is positive. Thus, the ﬂow in the lower part
of the near wake is a combination of reversed wake ﬂow and
longitudinal ﬂow components. Fig. 5(b) shows streamlines projected on the tail of the train model. The surface of the train is
colored by the pressure coefﬁcient. As the ﬂow along the train
body accelerates over the curvature of the tail, the local pressure is

For the analysis of the wake dynamics of the train a clusterbased reduced-order modelling (CROM) strategy is pursued. The
CROM employs a cluster analysis of the data to yield a low number
of representative ﬂow states and models the transitions between
these states as a Markov process. A detailed description of the
methodology can be found in Kaiser et al. (2014).
We consider velocity ﬁelds u (x, t ) where u≔(u, v, w )T denotes
the vector of the velocity components of a Cartesian coordinate
system in a steady domain Ω as deﬁned in Fig. 2. Input for CROM is
M
a time-resolved snapshot ensembles (see Section 2.4) {u (x, tm )}m
=1
m
where u (x)≔u (x, tm ) denotes the mth ﬂow realization, and M is
the total number of snapshots.
For later reference, we deﬁne a Hilbert space, an inner product
and an associated norm which will be used as similarity metric for
the clustering. Let u and v be two velocity ﬁelds in the Hilbert
space 3 2 (Ω ) of square-integrable vector ﬁelds in the domain Ω.
Their inner product is deﬁned by

(u , v)Ω≔

∫Ω

u · v dx

(2)
2
Ω ≔(u ,

with the associated norm u
u) Ω . We also deﬁne the distance matrix D in which entries (D)mn are the Euclidean distance
between two velocity snapshots um and un measured at time
instances tm and tn

Dmn≔ um − un

Ω.

(3)

This will be used as similarity measure between two velocity
snapshots for the clustering algorithm.
3.1. Cluster analysis
Cluster analysis is a part of machine learning or pattern
recognition (see, e.g., Bishop, 2007). It is commonly used for
classiﬁcation of data partitioning into groups of common features.
The k-means algorithm (Lloyd, 1956) is probably the most widely
applied method for ﬁnding such groups in an unsupervised
manner. The data is grouped into so-called clusters
*k, k = 1, … , K , such that the intra-cluster similarity is maximized
while the inter-cluster similarity is minimized. This leads to an
optimization problem for ﬁnding the optimal clusters' centroids
c1opt, … , c opt
K

⎞
⎛
⎟
⎜
c1opt , …, c opt
K = arg min J ⎜c1, … , c K ⎟,
⎠
⎝
c1, … , c K

(4)
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Fig. 4. Aerodynamic forces on the train model from the LES simulation (ﬁne grid). (a) Drag force signal. (b) Side force signal. (c) Lift force signal.

Table 1
Force coefﬁcients.
Aerodynamic coefﬁcients

CD

CL

Coarse
Fine

0.303
0.292

 0.074
 0.05

where J denotes the total cluster variance deﬁned by

⎛
⎞
J ⎜⎜c1, …, c K ⎟⎟ =
⎝
⎠

K

∑ ∑
k = 1 um∈ *k

um − c k

2
Ω

.
(5)

for the clusters' centroids c k , k = 1, 2, … , K with the total cluster
number K. In the following, we drop the symbol ‘opt’ and assume
that an optimal choice of clusters has been found by the clustering
algorithm.
A cluster centroid is deﬁned as the mean of all snapshots lying
in this particular cluster

ck =

1
nk

∑

um .

um∈ *k

(6)

3.2. Dynamic model

Fig. 5. Figures showing the features of the time-averaged ﬂow in the wake.
(a) Vortex cores. (b) Streamlines projected on the surface of the train. (For interpretation of the references to color in this ﬁgure caption, the reader is referred to
the web version of this paper.)

In recent years, the analysis of the Koopman operator has
become a widely used and important tool for analyzing nonlinear
ﬂows. The Koopman operator is a linear operator which can be
deﬁned for nonlinear dynamical systems which describe how a
single trajectory evolves in the phase space. It is also the adjoint

operator of the Perron–Frobenius operator (Lasota and Mackey,
1994; Cvitanović et al., 2012; Gaspard, 1998), a linear operator
describing the evolution of a probability distribution, i.e. a swarm
of trajectories in the phase space. A common method for a discretization of such an operator is the Ulam–Galerkin method (Bollt

with nk being the number of snapshots in cluster k.
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With this in mind, it is easy to see that P is the conditional
probability

P jk = Pr (Sl + 1 = j|Sl = k )

(13)

assuming that each snapshot in a cluster is represented by its
associated centroid.
Let the probability vector at time instance l be deﬁned by
T
pl ≔⎡⎣p1l , …, pKl ⎤⎦ .

Fig. 6. Isosurfaces of Q = 1000 s−2 colored by the instantaneous streamwise velocity component.

and Santitissadeekorn, 2013). In this framework it is common to
approximate the Perron–Frobenius operator by a one-step transition matrix if only a single time series measurement is available. It
can be shown (Bollt and Santitissadeekorn, 2013) that this leads to
a discrete-time discrete-state Markov model. We have shown in
Kaiser et al. (2014) that CROM can be seen as a generalization of
the Ulam–Galerkin method. In the following, the procedure to
derive a CROM based on time series data is outlined.
Let Tkm be a characteristic function deﬁned as

⎧1 if um ∈ *k ,
Tkm≔⎨
⎩ 0 otherwise.

having as elements the probabilities to be in state c k . The elements
of the probability vector are always nonnegative, i.e. pkl ≥ 0 , and
fulﬁll ∑kK=1 pkl = 1. The probability vector at time l þ1 is then given
by

pl + 1 = P pl ,

l = 0, 1, 2, …

The number, nk, of snapshots um in a cluster *k can then be
expressed as

(15)

by multiplication of the one-step transition matrix P. The l-step
transition matrix is given by the Chapman–Kolmogorov equation.
It is denoted as P l and its elements Pjkl are the transition probabilities to move to state j in l time steps given that the current
state is k. For l ¼0, the transition matrix becomes equal to the
identity matrix P 0 = I . Let the initial probability vector be denoted
as p0 , then the probability vector after l time steps is given by

pl = P l p 0 .
(7)

(14)

(16)

This allows us to study the time evolution of an initial probability
distribution.

M

∑

nk≔

Tkm.

m=1

(8)

Then, for each cluster *k a probability qk to be in this cluster can be
deﬁned as

qk≔

nk
.
M

(9)

The number of transitions from cluster *k to cluster * j by
moving one time step forward is given by
M−1

n jk ≔

+1
.
Tkm T m
j

∑
m=1

(10)

Then, the elements of a transition probability matrix (P) jk can be
determined as

P jk =

n jk
nk

,

(11)

which give the conditional probability to move to cluster * j in one
time step Δt if the current cluster is *k . This matrix is also referred
to as one-step transition matrix. The matrix P is column-stochastic, i.e. its elements fulﬁll P jk ≥ 0, j, k = 1, … , K , and each column
sums up to unity ∑Kj=1 P jk = 1.
The transition matrix (11) deﬁnes a memoryless time-homogeneous Markov chain for which the centroids c k are the discrete
number of states. A Markov chain S1, S2, … , Sl, … is a sequence of a
random variable S. As proposed in this paper, S assumes the cluster
index k, corresponding to centroid c k , as its value. For example,
having Sl ¼1 means that the cluster *1 is visited at time lΔt and the
system state is represented by centroid c1. A memoryless Markov
chain has the Markov property, i.e. the probability for the next
state Sl + 1 depends only on the current state Sl:

Pr (Sl + 1|Sl, Sl − 1, …, S1) = Pr (Sl + 1|Sl )

(12)

where Pr denotes probability. We refer to Kaiser et al. (2014) for a
discussion of the validity of the Markov property for ﬂuid ﬂows.

4. CROM results
In this section, the results of the cluster-based reduced-order
modelling (CROM) strategy applied to the wake data of the train
are shown. The velocity ﬁeld data is ﬁrst compressed by a proper
orthogonal decomposition (POD). The POD application to the
snapshots does not constitute a necessary step for the CROM
algorithm. It is only performed to make the analysis of the data
computationally efﬁcient as discussed in Kaiser et al. (2014). The
CROM algorithm is then applied to the set of POD temporal coefﬁcients and no information is lost as long as all modes are
retained. The method of snapshots proposed by Sirovich (1987) is
employed here. This method is particularly efﬁcient if the number
of snapshots M is much smaller than the number of grid points N.
This is typically the case for numerical simulations like LES or for
experimental data obtained by particle image velocimetry. While
the three-dimensional spatial formulation requires the solution of
an 3N  3N problem, the method of snapshots requires the solution of a much smaller eigenvalue problem of size M  M. The
choice whether the temporal or spatial approach should be used is
determined by the respective dimensionality of the examined
data. The proof for the equivalence of the two approaches can be
found in Berkooz (1991). The employed POD decomposition has
the maximum number of modes, i.e., it has no truncation error. For
POD, the velocity ensemble is decomposed into a mean ﬂow
u0 (x)≔〈u (x, tm )〉, where 〈•〉 denotes a suitable time or ensemble
average, and the velocity ﬂuctuations v≔u (x, tm ) − u0 . The velocity
ﬂuctuations can be expressed in terms of a POD expansion
(Holmes et al., 2012) v (x, t )≔u (x, t ) − u0 (x ) ≈ ∑iN=1 ai (t ) u i (x ),
where the u i 's are the POD modes, ai≔(v , u i ) Ω , i = 1, … , N , are the
mode coefﬁcients, and N is the chosen number of expansion
modes. Then, by exploiting the orthonormality of the POD modes
in the calculation of the distance matrix (Eq. (3)), the cluster
analysis can be applied to the POD coefﬁcient vectors
am≔a (tm ) = [a1 (tm ) , a2 (tm ) , … , a N (tm )]T . The time series of the ﬁrst
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four POD coefﬁcients are shown in Fig. 7. These modes are related
to the highest kinetic energy and, thus, represent the dominant
structures of the ﬂow.
The CROM algorithm is then applied to the time-series data of
M
the POD coefﬁcients {a}m
=1. First, the cluster analysis partitions the
data into groups, so that the distances between the groups is
maximized and the distances between the data points am inside a
group are minimized. Thus, similar data points am are clustered
into the same group. Consequently, for purely periodic ﬂows such
as a cylinder ﬂow, the k-means algorithm discretizes the limit
cycle into phase bin. This can be interpreted as a generalization of
phase averaging. A ﬁrst impression of the clustering of the wake
data is provided by Voronoi diagrams as shown in Fig. 8. This
visualization is obtained by applying a POD to the clusters' centroids and showing the data in the space of the ﬁrst two POD
coefﬁcients denoted α1 and α2. The POD serves here only visualization purposes and we refer to Appendix D in Kaiser et al. (2014)
for a detailed description.
Note that the Voronoi diagrams only give an approximate picture of the clusters since high-dimensional data is displayed in
only two dimensions. This leads, e.g., to data points of different
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clusters located in the same cluster (compare the colors in Fig. 8).
In this two-dimensional visualization, the discretization yields an
inner and outer ring of clusters. The homogeneity of the partitioning can be seen in Fig. 9 in which the diameter, i.e. maximum
distance of all possible distances between two data points am and
an , n ≠ m, in a cluster, and the standard deviation of each cluster is
displayed. The clusters are all of a similar size even though some
appear larger in the Voronoi diagrams. This is due to the lowdimensional representation of the high-dimensional data.
The clusters' centroids are the states of the derived Markov
chain model. The centroids, computed as the mean of all snapshots
in a cluster as deﬁned in Eq. (6), are displayed in Fig. 10 as isosurfaces of positive and negative values of the different velocity
components. In these ﬁgures, the values of the isosurfaces are the
same for all centroids. The ﬁrst four cluster centroids seem to be
associated with longitudinal structures of the mean ﬂow. This can
be seen when comparing the time-averaged longitudinal vortices
in Fig. 5(a) to the U-component structures in Fig. 10 for centroids
1–4. The structures in the centroids are located along the cores of
the two time-averaged longitudinal vortices. Similar, but not
identical, structures were also found in Muld et al. (2012) with

Fig. 7. Time series of the POD coefﬁcients ai(t), i = 1, 2, 3, 4 , associated with the ﬁrst and second POD mode pair which are the dominant oscillatory modes.

Fig. 8. Voronoi diagrams of the clustered wake data. Lines correspond to the borders of the Voronoi cells, large black bullets display the cluster centroids, and small colored
dots represent the points of the time series data where the color depicts the cluster. The Voronoi diagram (left) in the directions of the ﬁrst two POD coefﬁcients of the cluster
centroids, α1 and α2, shows that the discretization yields an inner (k = 1, 2, 3, 4) and outer (k = 5, 6, 7, 8, 9, 10) ring of clusters. (For interpretation of the references to color
in this ﬁgure caption, the reader is referred to the web version of this paper.)
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Fig. 9. Cluster diameter (left) and cluster standard deviation (right) denoted as ‘std’ of the clustered train wake data. All clusters are of a similar size and have a similar
standard deviation.

Fig. 11. Cluster transition matrix (left) and cluster centroid distance matrix (right).
Three cluster groups, k = 1, 2, 3, 4 (‘B’), k = 5, 6, 7, 8 (‘A’) and k ¼ 9,10 (‘T’) appear in
the transition matrix. The groups ‘A’ and ‘B’ are predominantly oscillatory while ‘T’
represents a transition group. (For interpretation of the references to color in this
ﬁgure caption, the reader is referred to the web version of this paper.)

Fig. 12. Graph associated with the transition matrix in Fig. 11 showing the principal
connections while still ensuring full connectivity. The cluster groups ‘A’ and ‘B’ are
governed predominantly by oscillatory behavior.

Fig. 10. Cluster centroids: the colors show the isosurfaces of positive (red) and
negative (blue) velocity for each cluster centroid c k , k = 1, …, 10 . The ﬂow is
coming from the upper left corner. (For interpretation of the references to color in
this ﬁgure caption, the reader is referred to the web version of this paper.)

POD, as the third and the fourth most energetic mode. The kinematic description of the ﬂow ﬁeld is given by the cluster centroids.
These represent the modes for the derived dynamical model, like
the spatial POD modes of POD Galerkin models.
The visualizations of the centroids for k = 1, 2, 3, 4 appear very
similar and can be considered as one cluster group. The centroids
for k = 5, 6, 7, 8 are more closely related to global wake vortex
shedding. They can be considered as phase average with very
coarse phase bins. These cluster centroids have also similar
structures, e.g. comparing the w-component, and, thus, can be
associated with another cluster group. The cluster centroids for

k¼ 9 and 10 are much more distinctive and might represent
intermediate transition states between the two cluster groups.
The associated transition probability matrix is displayed in
Fig. 11. The transition probability matrix Pjk gives the probability to
move from state cluster k to the next state cluster j in one time
step. Red color and large circle means the probability for this
particular transition is high. Two oscillatory groups, k = 1, 2, 3, 4
(named ‘B’) and k = 5, 6, 7, 8 (named ‘A’), appear if only the
dominant cluster transitions are considered. Direct transitions
between these two groups occur with probabilities of one order of
magnitude less, i.e. P jk < 0.02 if k ∈ B and j ∈ A or vice-versa.
A typical representation of Markov chains is directed graphs.
Arrows give the direction of possible state transitions. A directed
graph of the simpliﬁed cluster transitions as given by the transition matrix (displayed in Fig. 11) is shown in Fig. 12. For visualization purposes, only those transitions are shown which are above
a certain threshold while still ensuring the full connectivity of the
graph. The values of the transition probabilities are not displayed
and can be depicted from Fig. 11 (left).
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The clusters in group ‘T’, c 9 and c10 , serve as transition states
which are passed frequently when switching between the cluster
groups ‘A’ and ‘B’. They occur also as intermediate states while the
ﬂow oscillates in one of these groups.
So far, the identiﬁed ﬂow structures, given by the cluster centroids, and their interconnections have been analyzed yielding a
probabilistic dynamical model given by the transition probability
matrix. The model performance can be assessed by comparing the
predicted asymptotic probability distribution deﬁned as
p∞≔liml →∞ P lp0 with the relative frequencies obtained from the
data and computed as (q)k ≔nk /M (see Fig. 13). The temporal
behavior of a Markov chain can be studied by powers of the
transition probability matrix (see Eqs. (15) and (16)). Any irreducible Markov chain converges to a unique, stationary distribution for a large number of time steps, l → ∞. In this case, the
system can be said to be ergodic, in the sense that it will be
probabilistically reproducible: regardless of the initial region of
state space in which it is sampled, the ensemble mean will converge in the inﬁnite-time limit to the time mean. In the asymptotic
state, the stationary distribution corresponds to the fraction of
time the trajectory spends in each cluster.
Mathematically, the stationary distribution is equal to the
^ associated with the largest eigenvalue λ1 = 1 of the
eigenvector p
1
transition matrix. This is a consequence of the Perron–Frobenius
theorem for non-negative matrices (Meyer, 2000). In other words,
as the probability distribution of the Markov model evolves in
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time, it converges to a unique stationary distribution given by the
ﬁrst eigenvector while all other eigenvectors decay. Note that all
eigenvalues are real or complex conjugate pairs on or within the
unit circle. An entropic-based prediction horizon for the CROM
utilizes this consequence (Kaiser et al., 2014a).
In the following, we examine how well the derived Markov
model can reproduce the behavior of the analyzed wake dynamics.
The transition matrix P can be used to generate time series. We
deﬁne a random variable Sl = k which assumes cluster k at timestep l, i.e. at timestep l the ﬂow is in cluster k. Dependent on the
current value of the random variable Sl = k , the next value of the
random variable Sl + 1 = j at timestep l þ1 is chosen according to the
probability distribution given by the corresponding column of the
transition matrix P (•, k ). The evolution of such an generated time
series from the derived Markov chain model is displayed in Fig. 14
(a). The time series of the original data is shown in Fig. 14(b). Note
⁎
⁎
that the time axis is t ≔l Δt , l = 0, 1, 2, ….
Even though the Markov model does not take into account any
history but assumes the Markov property, the generated time
series is able to capture the oscillatory behavior inside the cluster
groups, especially for group ‘A’.
The diagonal elements of the transition matrix are related to
the sojourn times in the clusters, i.e. for how many consecutive
⁎
time steps lΔt , l = 1, 2, …, the ﬂow stays in a particular cluster
before transitioning to a different one. The probability distribution
⁎
⁎
p(k , lΔt ) for a particular cluster k of the sojourn time lΔt scales

Fig. 13. Spectrum (left) of the cluster transition matrix P and comparison of estimated and predicted probability distributions. The transition matrix has a largest eigenvalue
^ corresponds to the asymptotic probability distribution p∞ as predicted by the model. Note the similarity between this
λ1 = 1. The associated (normalized) eigenvector p
1
probability distribution and the probability distribution of the data q.

Fig. 14. Generated time series from the Markov chain model (left) and time series of the cluster assignment of the original data (right). The generated time series clearly
captures the oscillatory behavior in the cluster groups ‘A’ and ‘B’.

⁎

⁎

Fig. 15. Probability distribution p(k, lΔt ) of the sojourn times lΔt of the trajectory in a cluster k before transitioning to a different cluster. The predicted probability
distribution of the model (–) is compared to the data (◯) and to the time series (▵) as generated by the model and shown in Fig. 14.
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with Pkkl. In Fig. 15 the predicted probability distribution of the
sojourn times are exemplarily shown for the clusters k = 4, 7, 9
and compared to the sojourn times computed from an analysis of
the data.
The Markov model predicts a similar distribution. A long time
series is needed for a statistically converged distribution. This
⁎
affects especially the probabilities p(k , lΔt ) for increasing l.
In the following, the clusters are further examined with respect
to the measured forces. The mean force coefﬁcients of each cluster
1
M
m
k is computed as fk ≔ n ∑m
=1 Tk f (tm ) where f can be any of the
k

force coefﬁcients cD, cS or cL (see Fig. 16 (left)). Since the relative
ﬂuctuations of the drag and lift coefﬁcient are very small, the
mean force coefﬁcient are also computed for the ﬂuctuating force
1

M
m
coefﬁcient as f ′k ≔ n ∑m
=1 Tk (f (tm ) − 〈f 〉) (see Fig. 16 (right)).
k

It has been shown in Kaiser et al. (2014) that the bi-modal
behavior of a bluff body, i.e. a switching between two asymmetric
states in the wake over a large time scale, can be associated with two
cluster groups. The clusters of one cluster group had positive mean
side force coefﬁcients while those belonging to the other group had
negative values. Interestingly, a similar behavior has been found here
for the drag coefﬁcient for the train. While the clusters in cluster
group ‘B’ are associated with a lower drag, all other clusters are
associated with larger values of cD (compare Fig. 16 (right)).
In contrast to the drag coefﬁcient, the values of the cluster side
force coefﬁcient as well as of the lift coefﬁcient can assume higher
and lower values inside of the same cluster group. The analysis of
the cluster centroids above has revealed that different ﬂow
structures are associated with the two cluster groups ‘A’ and ‘B’. A
further examination of the dynamics by analyzing the transition
probability matrix has shown that these cluster groups are characterized by an inherent oscillatory behavior. Hence, these two
types of ﬂow behavior, resembled by groups ‘A’ and ‘B’, are associated by either low or high values of the drag coefﬁcient. This can
be particularly interesting for ﬂow control applications targeting
drag reduction. Then, the desired state space region, in which the
ﬂow should remain, is given by clusters with low drag values. The
low-frequency drift found in the drag signal (see Section 2.4)
might be related to a switch between the two cluster groups ‘A’
and ‘B’. Further analysis is required to conﬁrm this presumption.

5. Concluding remarks
A cluster-based reduced-order model is derived for the wake
dynamics of an high-speed train, the Aerodynamic Train Model

(ATM), for the analysis of physical mechanisms occurring in the
wake and the identiﬁcation of dominant ﬂow structures.
The mean ﬂow in the wake downstream of the tail of the train
is dominated by two longitudinal counter-rotating vortices, while
the nearwake ﬂow exhibits standard bluff body ﬂow features. The
cluster analysis is applied to the ﬂuctuations of the velocity around
the mean ﬂow.
It was found that there exist two groups of clusters which are
associated with different ﬂow structures, either predominantly
periodic structures or more closely related to oblique, longitudinal
vortices. Thus, the ﬂuctuating ﬂow in the wake constitutes of
organized structures that are distinctly connected to the two features of the mean ﬂow, and the transition between these distinct
organizations of the ﬂow. A spectral analysis of the evolution of
the drag coefﬁcient corroborates the observed low-frequency drift
in the time series. This seems to be related to a switching between
the two principal cluster groups ‘A’ and ‘B’.
Furthermore, the analysis shows that these cluster groups are
also related to either higher or lower values of the drag coefﬁcient.
The cluster group ‘A’ corresponds to global vortex shedding of the
wake, and the cluster group ‘B’ corresponds to ﬂuctuations of the
trailing longitudinal vortices. The analysis of the drag coefﬁcient
shows that the cluster group ‘A’ is related to states with higher
drag (in comparison to the time-averaged values of the drag
coefﬁcient), while the cluster group ‘B’ is related to states with
lower drag. The implications of this from a drag-minimizing point
of view, for example when applying actuation ﬂow control, are
that it might be beneﬁcial to try to increase the levels of ﬂuctuations in the trailing longitudinal vortices (i.e., increase their turbulence kinetic energy), while decreasing the turbulence kinetic
energy in the global shedding.
The CROM model captures and is able to reproduce the oscillatory behavior in the cluster groups ‘A’ and ‘B’. Moreover, its
prediction of the steady-state distribution is in good agreement
with the relative frequencies of the data.
The cluster analysis does not decompose the snapshot ensemble
with regard to kinetic energy (as for the proper orthogonal decomposition) or frequency content (as for the dynamic mode decomposition) but compresses the ensemble into a low number of representative
states, the cluster centroids, by exploiting the similarity of snapshots.
This method utilizes the fact that ﬂow structures change gradually over time. The derived Markov model does capture this
implicitly by having high probabilities to stay in the clusters.
While, the change between the states occurs abruptly.
While the centroids can have more complex features than the
dominant POD modes and cannot be associated with discrete

Fig. 16. Mean force coefﬁcients for each cluster based on the force coefﬁcients cD, cS and cL (left) and on the ﬂuctuating force coefﬁcients cD′ , cS′ and cL′ . The side force
coefﬁcient in the left ﬁgure is enlarged by  100 for a better visualization, i.e. c˜ S = 100 cS .
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frequencies as DMD modes, their advantage is that no snapshot is
neglected to yield a low number of states and they can be further
analyzed with regard to, e.g., their force contributions. The resolution of transition processes can be reﬁned by increasing the
number of clusters.
The present work shows that CROM is a powerful tool for the
systematic analysis of bluff body ﬂows that provides physical ﬂow
structures, as well as their connection to the forces exerted on the
bluff body.
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