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Abstract. Cluster-based reduced-order modelling (CROM) builds on the pioneering works of Gunzburger’s group in cluster
analysis [1] and Eckhardt’s group in transition matrix models [2] and constitutes a potential alternative to reduced-order
models based on a proper-orthogonal decomposition (POD). This strategy frames a time-resolved sequence of flow snapshots
into a Markov model for the probabilities of cluster transitions. The information content of the Markov model is assessed
with a Kullback-Leibler entropy. This entropy clearly discriminates between prediction times in which the initial conditions
can be inferred by backward integration and the predictability horizon after which all information about the initial condition
is lost. This approach is exemplified for a class of fluid dynamical benchmark problems like the periodic cylinder wake, the
spatially evolving incompressible mixing layer, the bi-modal bluff body wake, and turbulent jet noise. For these examples,
CROM is shown to distil nontrivial quasi-attractors and transition processes. CROM has numerous potential applications for
the systematic identification of physical mechanisms of complex dynamics, for comparison of flow evolution models, and for
the identification of precursors to desirable and undesirable events.
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1. INTRODUCTION
The high dimensionality of multiscale phenomena, like turbulence, remains a formidable endeavour for the understanding of physical mechanisms, for control optimisation, and real-time control purposes. Numerical solutions of the
governing equations are still expensive in terms of storage and CPU and are not real-time capable. The aim of system reduction is to reduce a system’s large number of degrees of freedom to very few still maintaining the governing
physics. In this regard, it provides real-time capabilities for control purposes and an ideal testbed for control design
studies. Common approaches to derive tractable and reliable models rely e.g. on projection methods [3, 4, 5] or system
identification techniques [6, 7].
In the present paper, a cluster-based-reduced order-modelling (CROM) strategy is pursued to distil physical mechanisms in an automatic, unsupervised manner. Cluster-based reduced-order modelling combines a cluster analysis [8]
from snapshot data to obtain a low-order kinematic description of the state space and a Markov model for the cluster
transitions. Its capabilities are investigated for a class of fluid dynamic benchmark problems.
The manuscript is organised as follows. In Sec. 2, the CROM methodology is reviewed and criteria for the attractor
characterisation and model validation are introduced. The approach is exemplified in Sec. 3 for different configurations
illustrating CROM’s capability to find simple structure in complex data.

2. METHOD
In this section, the cluster-based reduced-order modelling (CROM) is reviewed and criteria are introduced to analyse
the model. CROM employs two steps: First, a cluster analysis is performed on snapshot data which groups the data
into clusters according to their distance and yields a low-dimensional kinematic description of the flow (centroids).
Then, a dynamical model is deduced from a statistical analysis of transitions between clusters.

2.1. Cluster-based reduced-order modelling
∂
u = f (u)
The temporal evolution of incompressible fluid flows is described by an evolution equation of the form ∂t
where f is a nonlinear propagator for the velocity field. This describes the evolution of a single trajectory in the state
space. Here, we are interested how a swarm of trajectories evolves, i.e. the evolution of a probability distribution,
which is described by a linear evolution operator, the so-called Perron-Frobenius operator. CROM is a discretization
of such an operator and we refer for details to [9].
We consider velocity fields u(x, t) in a steady domain Ω. The location vector is denoted as x = (x, y, z)T in
m
a Cartesian coordinate system. A snapshot ensemble is denoted as {u}M
= u(x, tm ) is the m−th
m=1 where u
flow realisation at discrete time tm . For later reference, we define the inner product
in
the Hilbert space L2 (Ω) of
R
square-integrable vector fields v and w in the domain Ω ∈ R3 by (v, w)Ω := Ω dx v · w with corresponding norm
||v||2Ω := (v, v)Ω .
A proper orthogonal decomposition (POD) is employed to compress the snapshot data [3]. The velocity field can
be decomposed into a mean flow u0 (x) := hu(x, t)i and a fluctuation v(x, t) = u(x, t) − u0 (x) where h.i denotes the
PN
time or ensemble average. A POD expansion of the velocity fluctuation reads v(x, t) ≈ i=1 ai (t)ui (x) where ui
are the spatial POD modes and ai := (v, ui )Ω , i = 1, . . . , N , are the temporal mode coefficients. POD allows to do the
cluster analysis on the POD coefficient vector defined as am = [a1 (tm ), a2 (tm ), . . . , aN (tm )]T . The distance metric
for the cluster analysis is the distance between velocity fields according to the above norm.
The cluster analysis rests on a time-resolved sequence of velocity snapshots {v}M
m=1 as they are typically obtained
numerically or from experiments. Here, the k-means algorithm [10, 11] is employed which partitions the data into
K Voronoi cells with the centroids as generators [1] and yields a low-dimensional kinematic description of the state
space in terms of the centroids to which we refer as states in the following:

ck =

1 X m
v
nk m
v

(1)

∈Ck

where nk is the number of snapshots in cluster Ck , k = 1, . . . , K. Mathematically, the cluster analysis minimises the
total cluster variance
K
X
X
J(c1 , . . . , cK ) =
||vm − ck ||2Ω .
(2)
k=1 vm ∈Ck

The solution of the minimisation problem yields the clusters’ centroids
opt
copt
1 , . . . , cK = argminc1 ,...,cK J(c1 , . . . , cK ).

(3)

The clustering discretises the state space and the flow is represented by a small number of distinctive representative
states, the centroids. All snapshots that lie in a particular cluster are described by the cluster’s centroid. The cluster
variance translates to the kinetic fluctuation energy around the mean of this particular cluster. By minimising the
cluster variance, one seeks to determine these centroids such that they optimally represent the surrounding snapshots
in a kinetic energy sense.
By exploiting the sequential information of the flow snapshots, we can derive a dynamic model for the transitions
between these states. A statistical analysis of the clusters allows to assign each cluster Ck a probability qk := nk /M
PK
which is strictly positive (qk > 0) and fulfils the normalisation condition k=1 qk = 1. The cluster transition matrix
(CTM) P = (Pjk ) gives the transition probability to move from the current state ck to the next state cj in one time
step. Its entries are given by
njk
Pjk :=
(4)
nk

and estimated from the frequency njk of transitions between clusters Ck and Cj . The entries fulfil condition Pjk ≥ 0,
PK
j, k = 1, . . . , K, and the columns sum up to unity j=1 Pjk = 1. Clusters are ordered under transition probability
considerations to extract the most probable path. The propagator P defines a time-homogeneous Markov chain with
well-known properties [12]. The long-term behaviour can be studied by powers, i.e. the l− step transition matrix is
given by the l−th power of P. The infinite-time transition matrix P∞ is defined as P∞ := liml→∞ Pl . We also define
a transition matrix Q = (Qjk ) with entries Qjk = qk , j, k = 1, . . . , K as obtained by the cluster analysis. From a
physical standpoint, the transition probabilities represent the dynamical change that forms the state ck at time l into cj
at time l + 1.
The entries of the matrices P∞ and Q give us the asymptotic residence time, i.e. how long the flow lingers in a
specific cluster, estimated from the model or given by the data, respectively. This corresponds to the amount of time
the flow resides in a specific region of the state space.

2.2. Criteria for model analysis
Criteria are given to assess the transition matrix of the propagator. The convergence of the model to its asymptotic
state P∞ as well as the difference between P∞ and Q can be studied via the negative of the Kullback-Leibler function
D(P, Q) [13, 14]
K X
K
X
Pjk
.
(5)
H(P, Q) = −D(P, Q) := −
Pjk ln
Q
jk
j=1
k=1

For P 6= Q the divergence assumes positive values. In an ergodic system in the limit of a very large number of
samples, the two matrices should approach a common value and the divergence vanishes. Moreover, it allows the
estimation of the model’s prediction horizon. For later reference, we define l90 as the number of iterations where
∆H 0,l90 /∆H 0,∞ = H(Pl90 , Q) − H(P0 , Q) = 0.9 · H(P∞ , Q) − H(P0 , Q). The model error is assessed via the
PK
squared distance between the trajectory of the data v and the expected value v◦ = k=1 pk ck as obtained from the
model:
d2 (v, v◦ ) = ||v − v◦ ||2 .
(6)
For simplification we use the time series of the closest cluster v◦ (tm ) = mink ||ck − v(tm )||Ω as reference trajectory.

3. RESULTS
In this section, CROM is applied to different flow configurations to investigate its capabilities extracting the dominant
features of the flow. The Kullback-Leibler entropy is utilised to assess the prediction horizon and the convergence of
the model to its asymptotic state. For all examples the flow data is compressed with a POD from the snapshot ensemble
and the number of clusters is chosen K = 10 except for the jet (K = 100).

3.1. Periodic cylinder wake: CROM yields phase bins
CROM is applied to the 2D incompressible flow around a circular cylinder at Re = 100. The Reynolds number is
defined by Re = UνD where U is the velocity of the flow, D the diameter of the cylinder, ν the kinematic viscosity
of the fluid. At Re = 47 the flow undergoes a supercritical Hopf bifurcation [15] which marks the onset of the twodimensional periodic vortex shedding. For 47 < Re < 180, alternately shedding vortices from the upper and lower
surface interact with each other, are convected downstream and generate the so-called von Kármán vortex street. A
vorticity snapshot is displayed in Fig. 1. The flow is computed with a finite-element Navier-Stokes solver of third-order
accuracy in space and time and based on a pseudo-pressure formulation. Details on the solver can be found in [16, 17].
M = 58 snapshots are sampled uniformly in one period. The cluster analysis is performed on the POD coefficient
vector am , m = 1, . . . , M where a = [a1 , . . . , a8 ]T . The dynamics of the cylinder wake is dominated by the first two
oscillatory POD modes u1 , u2 . Similar to a traveling wave does the first mode pair represent a cosine/sine-like wave
pair that travels downstream in the wake. This strongly periodic behaviour of the wake dynamics should be captured
by the CROM.
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FIGURE 1. Cluster dynamics of the periodic cylinder wake: Colour plot of an instantaneous vorticity distribution (left). The
cylinder is represented as a solid circle. The cluster transition matrix P (center) distils the periodic wake oscillation. The convergence with respect to the number of iterations l is illustrated for the Kullback-Leibler entropy (right). The value l90 = 31 (gray
dashed lines) indicates the model prediction horizon.
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FIGURE 2. Associated graph for the periodic cylinder wake (left): The transition matrix in figure 1 can be displayed as a weighted
directed graph. The large circle with the single arrow gives the direction of the cycle and the small self-loops refer to the lingering
of the trajectories in the clusters, i.e. the entries in the diagonal. The actual value for the transition probability is not shown here and
can be seen in the plot of the transition matrix. The evolution of the corresponding probability distribution on this graph is shown
on the right-hand side. The initally unit probability in cluster c1 evolves and eventually diffuses along the clusters. Only discrete
values {0, 0.1, 0.2, . . . , 1} of the probability are displayed.

The dynamical behaviour between clusters can be studied via the cluster transition matrix (CTM) which is visualised
in Fig. 1 (center). Colour and size of the circles depict the value of the transition probability. The CTM has only nonzero entries in the principal diagonal and sub diagonal, which is typically the case for oscillations. Trajectories can
only stay in a cluster or follow the directed path to the adjacent cluster. The transition 10 → 1 closes the limit cycle
(see also figure 2). Thus, CROM is able to extract the periodic wake oscillation and the periodicity is reflected in the
evolution of the probability distribution as shown in Fig. 2.
High probabilities in the principal diagonal refer to a lingering of the trajectories in the clusters. The trajectories
move only partly to the next cluster which leads to a diffusion of probability. In the following we use the term diffusion
in the sense that probability is spread in a non-deterministic way on the graph of clusters. Doing so, we indicate the
similarity with diffusion on a graph. The information content of the iterated CTM Pl with respect to the completely
mixed (least-informative) state Q is measured via the Kullback-Leibler entropy, Eq. (5), as shown in Fig. 1 (right). At
l ≈ 200 the CTM is converged to its asymptotic state P∞ where all information on initial conditions is lost. The value
l90 = 31 corresponds to the number of iterations until 90% of the converged state are reached and indicates the model
prediction horizon as we will see for the next example.

3.2. Mixing layer: Identification of the flipper cluster & two shedding regimes
CROM is applied to a two-dimensional incompressible mixing layer with Kelvin-Helmholtz vortices undergoing
vortex pairing. The velocity ratio is r = U1 /U2 = 3 where U1 and U2 denote the upper and lower stream velocity.
The Reynolds number is defined as Re = U1 δω /ν = 500 where U1 is the maximum velocity and δω the initial
vorticity thickness. A snapshot ensemble of M = 2000 with a sampling time of ∆t = 1 is employed. Details of
the finite-difference Navier-Stokes solver can be found in [18, 19]. A vorticity snapshot of the flow in Fig. 3 (left)
shows the typical roll-up of Kelvin-Helmholtz vortices and vortex pairing further downstream. A POD of the snapshot
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FIGURE 3. 2D DNS simulation of the mixing layer: Colour plot of an instantaneous vorticity distribution (left). Blue colours
mark negative, red colours positive values, and white is zero. Exemplarily, the temporal evolution of the first (center) and third
(right) POD coefficients is visualised.
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FIGURE 4. Cluster dynamics of the mixing layer: The cluster transition matrix (left) discriminates between the two shedding
frequencies, cluster groups 1 − 6 and 7, 8, 9 (marked by the squares), and identifies the flipper cluster 10. The Kullback-Leibler
entropy (center) converges at about l = 400. The squared distance (right) measures the divergence between the data trajectory v
and the expected value v◦ of the model. Note that the time step is ∆t = 1, hence t corresponds to the number of iterations l. After
l90 = 98 iterations the expected value v◦ has reached its asymptotic value.

ensemble is performed. Exemplarily, the temporal evolution of the first and third POD coefficients is displayed in
Fig. 3. The first mode pair (u1 , u2 ) is associated with vortex pairing and the second mode pair (u3 , u4 ) represents
the Kelvin-Helmholtz instability. The principal flow dynamics switch between these two flow states which is reflected
by a different frequency and wavenumber of the coherent flow structures. While the amplitude of the first mode pair
approaches zero, the amplitude of the second mode pair increases, and vice-versa (see Fig. 3). CROM is applied to
the coefficient vector am of all POD modes which makes the cluster analysis more feasible compared to the original
snapshot data. In figure 5(left) a two-dimensional plot of the clusters shows how the state space is discretized.
A colour plot of the CTM is shown in Fig. 4 (left). CROM extracts two groups of clusters, 1 − 6 (VP) and 7, 8, 9
(KH), and the so-called flipper cluster 10, which serves as a branching point between these groups. The cluster groups
VP and KH are characterised by inner-group periodic oscillations (compare the results for the cylinder wake in Fig. 1)
and their centroids are phase bins of the wave numbers related to vortex pairing or the Kelvin-Helmholtz instability
[9]. A corresponding graph is displayed in figure 5 (right). The Kullback-Leibler entropy displayed in Fig. 4 (center)
converges at about l = 400 iterations. The value l90 is found to be 98 iterations. This seems surprisingly large compared
to the prediction horizon of the cylinder wake.
The model error, presented in Fig. 4 (right), is assessed via the squared distance between the trajectory of the data,
which is reflected by the closest cluster v, and the expected value v◦ . The time step of the CTM corresponds to that
of the data, ∆t = 1, hence l = t. The model error grows with increasing time due to the diffusion in the clusters. The
expected value approaches the centre of the attractor as the completely mixed state is reached. The prediction horizon
can be improved by choosing an optimal sampling time step. For a limit cycle a time step is preferable which yields a
dominant sub diagonal in the CTM resulting in a stroboscopic view of each cluster. This would minimise the diffusion
of probability and yield a longer prediction horizon. Currently, we investigate entropic methods to determine an optimal
time step which minimises the uncertainty of the CTM. As a by-product, the maximum model error observed after
convergence allows the estimation of the attractor diameter. As the expected value sits in the centre of the limit cycle,
the square root of the error corresponds to the radius of the cycle.

FIGURE 5. Voronoi diagram (left) and graph (right) associated with the transition matrix for the clustered mixing layer. The
Voronoi diagram shows the discretization of the state space as obtained from the clustering. Note that this is a two-dimensional plot
of the high-dimensional data which preserves the distances between clusters in a least-squares sense. The two dominant shedding
regimes of the mixing layer are resembled as two periodic cycles in the graph. The flipper cluster 10 works as a switch between
them. Exemplarly, three cluster centroids are displayed (contour-lines of transversal velocity). Note that for this graph self-loops
are neglected and only the principal transitions are displayed.
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FIGURE 6. Cluster dynamics of the bluff body wake: Instantaneous iso-surface of Q = 150 000 (left) which is coloured by
2
the pressure coefficient cp = ∆p/ 12 ρ∞ U∞
. The wake is characterised by a broadband spectrum. The cluster transition matrix
(center) distils the two bi-modal states in the wake (cluster groups 5, 6, 7 (B1 ) and 8, 9, 10 (B2 )). The clusters 1 − 4 (T) resolve
the intermediate regime. The Kullback-Leibler entropy converges (right) at about l = 50, and the prediction horizon is estimated as
l90 = 13 iterations.

3.3. Turbulent wake behind a car model: Extraction of bi-modal states in the wake
CROM is a applied to a three-dimensional bluff body wake. The Reynolds number ReH = U∞ H/ν = 3·105 is based
on the freestream velocity U∞ and the height of the body H. The flow around the square-back body placed on four
cylindrical supports is computed with a large-eddy simulation (LES) providing M = 1000 velocity snapshots. Details
on the solver and the data can be found in [20]. An instantaneous snapshot of an iso-surface of the second invariant of
∂u ∂u
the velocity gradient tensor Q = − 21 ∂xi ∂xj is shown in Fig. 6 (left). The flow exhibits a broadband spectrum in the
i
j
wake.
The snapshot ensemble is symmetrised yielding N = 2000 POD modes which are either symmetric or antisymmetric [20]. CROM is applied to the POD coefficient vector with N = 100. The resulting CTM is visualised
in Fig. 6 (center). Similar to the mixing layer, three groups of clusters, 1 − 4 (T), 5, 6, 7 (B1 ) and (B2 ), are extracted
which inhibit periodic oscillations. The transition between cluster groups B1 and B2 is via the intermediate region T. A
recent study [21] discovered that the wake flow changes alternately between two semi-modal asymmetric states, here
identified as B1 and B2 , which are related to a change in aerodynamic drag (see also figure 7). The Kullback-Leibler
entropy converges at l ≈ 50. The prediction horizon l90 = 13 is smaller compared to the mixing layer due to a larger
transition region which increases the diffusion of probability.

3.4. Turbulent jet: complexity of structure
Jet noise is an important noise source of civil aircrafts during takeoff and the noise-producing mechanism is still
not fully understood. A snapshot ensemble, M = 2048, is obtained from a 3D LES of an isothermal jet. The Reynolds
number Re = UνD = 400 000 is based on the nozzle diameter D and its exit velocity U , and the Mach number is

FIGURE 7. Graph associated with the transition matrix of the clustered Ahmed body wake. The two semi-modal states of the
Ahmed body wake are distilled. The symmetric state occurs as a large cyclic transition group in the center. The mean velocity fields
(view from the top) of each of these three cluster groups are displayed below. Note that for this graph self-loops are neglected and
only the principal transitions are displayed.
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FIGURE 8. Cluster dynamics of the turbulent jet: An instantaneous pressure plot (left) illustrates its broadband characteristics.
The cluster transition matrix (center) is sparse but exhibits a complex structure. The Kullback-Leibler entropy (right) converges at
l ≈ 40 and the prediction horizon is about l90 ≈ 13.

M a = 0.9. Details on the Navier-Stokes solver can be found in [18]. The complexity of the turbulent jet is illustrated
with an instantaneous pressure plot, Fig. 8 (left). POD is applied to M = 2048 pressure snapshots of the 2D plane
located in the centerline of the nozzle. CROM is applied to the POD coefficient vector constructed from N = 50
modes. Due to the complexity of the problem the resolution of the discretisation is increased. A colour plot of the
CTM for K = 100 is displayed in Fig. 8 (center). The CTM has a dominant diagonal and a sparse, but nevertheless,
complex structure which needs further analysis. In the context of graph theory [22], Markov chains are directed graphs
or networks and there exist tools to analyse e.g. graph/network nodes in terms of ranking and classification [23, 24].

4. CONCLUSIONS
We proposed a novel methodology for the distillation of physical mechanisms in an supervised manner. The approach
employs a cluster analysis to find groups and representative flow states of data. These flow states, i.e. the clusters’
centroids, construct a low number of modes for the reduced-order model. The dynamic model is then obtained by
modelling the transitions between clusters as a Markov process. CROM has been exemplified for the periodic wake
of the cylinder flow, the mixing layer undergoing vortex pairing, the bluff body wake and the turbulent jet flow. The
derived dynamic model proves to be powerful in capturing the principal physical mechanisms.
As the complexity of the flow increases, like for the turbulent jet, the structure of the model gets more complicated
and additional tools like from network and graph theory are required. The Kullback-Leibler entropy proves to be a
good and intuitive measure for the model’s prediction horizon by measuring the information content in the transition
matrix compared to the completely mixed, i.e. least-informative, state.
As we have shown, the CROM approach can be employed for the identification of physical mechanisms of complex
dynamics. Moreover, it is useful for comparison of flow evolution models, for the identification of precursors to
desirable and undesirable events, like the flipper cluster, and transition regions which can be crucial, e.g., for mixing
enhancement or control purposes.
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