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Abstract The ability to manipulate and control fluid flows is of great importance in many scientific and
engineering applications. The proposed closed-loop control framework addresses a key issue of model-based
control: The actuation effect often results from slow dynamics of strongly nonlinear interactions which the flow
reveals at timescales much longer than the prediction horizon of any model. Hence, we employ a probabilistic
approach based on a cluster-based discretization of the Liouville equation for the evolution of the probability
distribution. The proposed methodology frames high-dimensional, nonlinear dynamics into low-dimensional,
probabilistic, linear dynamics which considerably simplifies the optimal control problem while preserving
nonlinear actuation mechanisms. The data-driven approach builds upon a state space discretization using a
clustering algorithm which groups kinematically similar flow states into a low number of clusters. The temporal
evolution of the probability distribution on this set of clusters is then described by a control-dependent Markov
model. This Markov model can be used as predictor for the ergodic probability distribution for a particular
control law. This probability distribution approximates the long-term behavior of the original system on which
basis the optimal control law is determined. We examine how the approach can be used to improve the openloop actuation in a separating flow dominated by Kelvin–Helmholtz shedding. For this purpose, the feature
space, in which the model is learned, and the admissible control inputs are tailored to strongly oscillatory
flows.
Keywords Flow control · Markov model · Cluster analysis · Liouville equation · Flow separation ·
Feedback control
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1 Introduction
Controlling complex dynamical systems such as fluid flows is of great importance in science and engineering.
Examples include drag reduction for greener transport systems, lift increase on airfoils, stabilization of combustion processes, reduction in pollutants from chemical processes and efficiency increase in energy harvesting
systems such as wind turbines, to name a few. Closed-loop control which translates the continuously monitored
system state into control actions is a particularly promising direction. We refer to [1] for a recent review on
closed-loop control.
Of particular interest in control applications are certain statistical flow properties such as the average drag
or lift which shall be mitigated or increased, respectively. However, their computation from trajectories may be
misleading for several reasons. The time average is generally computed over a limited time span which makes it
sensitive to transient behavior and biased as the trajectory may reside only in a confined state space region. Thus,
very long integration times are required to ensure that the time average is sufficient. However, even without
noise and external disturbances, small uncertainties in initial or boundary conditions may doom a deterministic
system unpredictable. A well-studied example is the chaotic Lorenz system introduced by Lorenz [2], a
simplified model for atmospheric convection with known sensitivity to initial conditions. Average properties
over long time spans lead naturally to invariant probability measures on the attractor, i.e., these measures
stay the same after transformation of the attractor. Ergodic measures, a subclass of invariant measures, are of
particular interest as those time averages are equal to space averages following Birkhoff’s ergodic theorem
[3]. This assumption is often assumed when analyzing fluid flows: These flows are assumed to be ergodic,
i.e., in the sense that they are statistically reproducible, allowing one to compute the statistical properties from
ensemble averages. In this study, the system dynamics are modeled in terms of a Markov model, particularly
a cluster-based reduced-order model (CROM) [4]. This simplification allows to compute many (statistical)
properties exactly which are often good estimators for the analogous properties of the original system [5]. As
a consequence of Birkhoff’s ergodic theorem, controlling such statistical properties is strongly related to the
control of the ergodic measure on the attractor.
The Markov model is a linear evolution equation for a probability distribution in the state space. Such
evolution equations can be derived from the Navier–Stokes equation, starting with the linear Liouville equation
of a suitable probability space. The Hopf [6] formalism for the Navier–Stokes equation is a prominent example.
A simpler version constitutes the Liouville equation for a Galerkin system. The reader is referred to [7] for a
detailed discussion. CROM is closely aligned with closure schemes, in which a stable fixed point represents
the ergodic measure for the unsteady attractor in velocity space. While the control of a Liouville equation
has not found much attention in fluid dynamics yet, it is studied widely in other fields such as atomic physics
[8], biology [9] and robotics [10,11]. An extensive study on the optimal control of the Liouville equation is
provided in [12]. The control of the Liouville equation can be interpreted as the manipulation of a particular
system using a single controller over repeated realizations which correspond to different initial conditions.
Thus, the control of the Liouville equation is a promising direction for systems that exhibit uncertainties in
initial conditions and system parameters, e.g., due to disturbances.
In the present study, we extend the cluster-based reduced-order modeling approach for control applications
building upon the presentation in Appendix B in [4]. The coarse-grained system dynamics are described by
a transition probability matrix, which is based on a state space discretization. The incorporation of a control
input results in a family of control-dependent transition matrices. The optimal control law which minimizes the
asymptotic cost can be found by analysis of the transition matrices formulating a combinatorial optimization
problem. We show how the control-oriented CROM can be learned from data and the optimal control law can be
determined. The approach is illustrated for a separating flow over a smoothly contoured ramp characterized by
Kelvin–Helmholtz shedding. Specifically, the present study aims to examine the improvement of an open-loop
actuation known to result in a lock-in state which is associated with a time-averaged reduced but finite-size
recirculation area. For that purpose, the model is learned in a subspace spanned by the first few POD modes
associated with the forced flow under open-loop actuation. Finally, the best control law as predicted by the
control-oriented CROM is compared to the best obtained from a brute-force search.
The present work is outlined as follows. In Sect. 2, the cluster-based control methodology is described
including a general problem formulation and how the model can be inferred directly from data. The approach is
applied to the benchmark problem of a separating flow over a backward-facing, smoothly contoured ramp. The
main results are summarized in Sect. 3, and conclusions are provided in Sect. 4. In the appendix, a technique
for visualizing the similarity of control laws is explained.
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2 Cluster-based control methodology
2.1 Problem formulation
In this work, we are concerned with identifying a probabilistic low-order representation of the deterministic,
fully nonlinear dynamics affected by control inputs and deriving optimal control laws with respect to an
objective function. Generally, a dynamical system is represented as
d
a(t) = F(a(t), b(t))
dt

(1)

where the vector a ∈ A denotes the system state in state space A, vector b is the control input at time t, and
F is the nonlinear propagator for the system state a. We assume a full-state feedback ansatz for the control in
the form
b = K (a)

(2)

where K represents the control law that maps states a to control actions b. In optimal control, one seeks to
determine an optimal control law K opt which minimizes a cost function. The cost function, generally a function
of the system state a and the control b, defines the control objective through a performance measure and penalty
function evaluating the cost of the applied control, and incorporates additional constraints. In flow control, the
average drag or lift is often of interest. Let h(a) be a function measuring a quantity of interest, e.g., the drag,
T
along the trajectory a(t). For ergodic behavior, the temporal
 average h(a)T := lim T →∞ 0 h(a(t)) dt can
be represented in terms of the spatial average h(a)A := A h(a) p(a) da which is naturally defined by the
probability density function (p.d.f.) p(a). The average cost function can then be formulated as
∞

JK = E







j (a, b)|b=K (a) =

j (a, b)|b=K (a) p ∞ (a) da

(3)

A

where j (a, b) is the local cost function, E∞ is the expectation operator assuming transients have decayed and
p ∞ (a) is the asymptotic, i.e., long-run, p.d.f. A formulation of (3) for a finite time horizon is also possible, in
which case p ∞ would be replaced by the time-dependent p(a, t) and an additional integration over the time
horizon would be considered leading to the average or cumulative costs over that time horizon. The control
design task is to determine K opt such that the p.d.f. p ∞ (a) is as close as possible to a desired density for which
the average cost JK is minimized. The evolution of the p.d.f. is prescribed by a Liouville equation associated
with the dynamical system (1),
∂
p(a, t) + ∇a · [ p(a, t) F(a, b)] = 0.
∂t

(4)

While the dynamical system (1) prescribes the evolution of a single trajectory in the state space, the Liouville
equation (4) is a linear equation for the p.d.f. describing the distribution of a swarm of trajectories in the state
space. Linked to the Liouville equation (4) is the Perron–Frobenius operator Pt [3], a linear evolution operator
that maps the p.d.f. forward in time,
p(a, t) = Pt p(a(0))

(5)

with Pt := exp(t L) where L := −∇a · F(a, b) is the Liouville operator. An invariant (or long-term) p.d.f.
p ∞ (a) constitutes a solution to the fixed-point equation p(a) = Pt p(a) for all t ≥ 0. Note that a unique
solution is not expected and there can be many or even infinitely many invariant p.d.f.s. For instance, if the
dynamical system (1) possesses a stable fixed point a , the invariant density will be a peak supported over
the fixed point, i.e., p ∞ (a) = δ̂(a ) where δ̂ is the Dirac delta function. If (1) exhibits a periodic limit cycle,
the invariant density is the sum of delta functions supported over the points ai , i = 1, . . . , Nlc , constituting
 Nlc
the limit cycle, i.e., p ∞ (a) = i=1
δ̂(ai ). If (1) is a chaotic dynamical system, it consists of infinitely many
unstable periodic orbits and therefore of infinitely many invariant densities. The reader is referred to [13] for
more details on this topic.
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2.2 Coarse-graining of state space
Na
Ai with Ai ∩ A j = ∅ for i = j.
Let Ai , i = 1, . . . , Na , be a discretization of the state space such that A = ∪i=1
Here, a data-driven partitioning method is pursued as outlined in Sect. 2.4.1 yielding a discrete number of
clusters Ai with centroids Ai which serve as representative states for each cluster. Each state a(t) is connected
to a symbol α representing the cluster Aα to which a(t) belongs. Let the measurable equation, which maps
the continuous state a to a discrete symbol α, be defined by

α(t) = χ (a(t)) ∈ {1, 2, . . . , Na }.

(6)

The coarse-grained inverse mapping is defined by
a◦ (t) = Aχ (a(t))

(7)

approximating the continuous state a by its closest cluster centroid, e.g., α = 1 and a◦ = A1 if a ∈ A1 .
The superscript ◦ refers to the discrete-state approximation. The inverse operation is associated with a loss of
information due to the coarse-graining process. Let the characteristic function be defined by

1 if a ∈ Ai ,
or χi (a) = δ(χ (a) − i)
(8)
χi (a) =
0 if a ∈
/ Ai
where δ is the Kronecker delta. The full-state feedback ansatz for the control is then

b◦ = K (a◦ ) = K Aχ (a) = κ(α) =

Na

Bi χi (a).

(9)

i=1

As a result of the discretization, the control b is piecewise constant where Bi are vectors of real numbers and
denote the control applied in cluster Ai . The control law κ, that maps discrete states Ai with symbols α into
control actions b◦ , is considered stationary here, i.e., Bα for a cluster α remains constant for all times. The
optimal control law κ opt minimizes the average cost function


Jκ = E∞ j ◦ (α, b)|b=κ(α) =

Na

j ◦ (i, κ(i)) pi◦,∞

(10)

i=1

with the local cost function j ◦ (α, b)|b=κ(α) evaluating the cost for the currently prevailing cluster α and the
control input Bα applied in this cluster. The vector p◦,∞ is the discrete asymptotic probability distribution for
t → ∞. This constitutes the solution to the fixed-point equation associated with the discrete-state Markov
model
d ◦
p (t) = P◦κ p◦ (t).
(11)
dt
This equation describes the temporal evolution of the probability vector p◦ = [ p1◦ , . . . , pi◦ , . . . , p ◦Na ]T where
pi◦ is the probability that the trajectory a(t) resides in cluster Ai . The matrix P◦κ prescribes the dynamics on
the coarse-grained state space following a particular control law κ.
2.3 Discrete-time, discrete-state formulation
A further discretization level based on the time is considered. Let the floor function be defined as t :=
max{l ∈ Z | l ≤ t} [14]. A polymorphism for continuous-time and discrete-time variables is pursued for the
purpose of a better readability. The measurement equation analogous to (6) is given by
α t = χ (a(t)) ∈ {1, 2, . . . , Na }

(12)

for discrete times t, where the superscript t is an index corresponding to multiple of t, and where χ is the
characteristic function introduced above. The inverse discrete-time, coarse-grained mapping, connecting the
instantaneous system state a to its closest centroid Aα for a ∈ Aα , is given by
a•,t = Aχ (a(t)) .

(13)
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The superscript • refers here to the discrete-state, discrete-time representation of quantities. The full-state
feedback ansatz for the control becomes

b• = K (a• ) = K Aχ (a(t)) = κ(α)

(14)

realizing the time delay. The optimal control law κ opt shall minimize the average cost function
Na



Jκ = E∞ j • (α, b)|b=κ(α) =

j • (i, κ(i)) pi•,∞

(15)

i=1

with local cost function j • (α, b)|b=κ(α) . The asymptotic probability vector p•,∞ is a solution to the fixed-point
equation of the discrete-state, discrete-time Markov model, giving rise to a Markov chain, which describes
consecutive distributions by the recursive formula
p•,t+1 = P•κ p•,t , t = 0, 1, 2, . . .

(16)

with the cluster transition probability matrix P•κ prescribing the dynamics following a particular control
law κ.
The Markov model (16) can be derived from (4) using Ulam’s method [15,16] which is classically used
in dynamical systems to determine a finite rank approximation of the Perron–Frobenius operator (5). Ulam’s
method involves a Galerkin projection of the Liouville equation (4) onto a particular set of basis functions.
Recently, [4] showed that the cluster-based reduced-order modeling approach can be interpreted as a generalization of Ulam’s method for which the discretization is obtained through a data-driven clustering algorithm.
A discussion on the Markov property is provided in Sect. 2.2.3 of [4].

2.4 Identification of the control-oriented CROM from data
In this section, we briefly outline the state space discretization process using the aforementioned clustering
algorithm and how the model in (16) can be inferred from data.
2.4.1 Discrete domain decomposition using cluster analysis
Cluster analysis is a part of machine learning and pattern recognition [17] which learns automatically from
data. The aim of cluster analysis is to find a hidden grouping among a given set of observations, here in
M . A prominent clustering algorithm is k-means clustering [18], which groups
particular the ensemble {am }m=1
kinematically similar flow states into a low number Na of clusters Ai , i = 1, . . . , Na , such that the similarity
of observations in the same cluster is maximized while the similarity of observations belonging to different
clusters is minimized. Here, the dissimilarity between observations am and an is measured using the Euclidean
distance
D(am , an ) := ||am − an ||2 .

(17)

The cluster centroid Ai of Ai is defined as the average of observations belonging to the cluster Ai :=

m
am ∈Ai a where n i is the total number of observations in cluster Ai . The quality of the algorithm

 Na 
m 2
is monitored by the total cluster variance, Jca A1 , . . . , A Na = i=1
am ∈Ai ||Ai − a ||2 . The algorithm
starts with an initial set of centroids and then iteratively improves them by minimizing the total cluster variance.
The set of optimal centroids is thus the solution of the optimization problem
1
ni

opt

opt

A1 , . . . , A Na = arg
The reader is referred to [4] for more details.

min

A1 ,...,A Na


J A1 , . . . , A Na .

(18)
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2.4.2 Control-oriented cluster-based reduced-order model
The propagator of the Markov model (16) for the coarse-grained dynamics is directly inferred from data. A
multidimensional array Q ∈ R Na ×Na ×Nb of control-dependent transition probabilities, where Nb denotes the
number of admissible control inputs, is constructed with elements
Qi jb :=


card{am |am ∈ A j and am+1 ∈ Ai and bm }
= Prob α t+1 |α t , bt
m
card{a ∈ A j }

(19)

where card denotes cardinality. The element Qi jb constitutes the conditional probability that at time t + 1
the trajectory is in cluster Ai under the condition that at the previous time step t the trajectory was in cluster
A j and control b was applied. Array Q is directly inferred from data based on the relative frequencies of
cluster transitions. The control-oriented cluster transition matrix (CTM) Pκ for a particular control law κ is
constructed from the data array Qi jb as


(20)
Pκ := q1 κ(1) · · · q j κ( j) · · · q Na κ(Na ) .
with q jκ( j) = [Q1 jκ( j) , . . . , Q Na jκ( j) ]T by selecting the columns q jκ( j) specified by the control law κ. The
temporal evolution of a general cluster probability vector p = [ p1 , . . . , p Na ]T can be studied by powers of
the CTM. Having an initial probability distribution p0 , the cluster probability vector at time t is
pt = Ptκ p0 .

(21)

The cluster probability vector has non-negative probabilities, i.e., pit ≥ 0, and fulfills the normalization
 Na t
pi = 1 for each time step t. The asymptotic probability distribution is obtained by
condition i=1
p∞ := lim Ptκ p0 .
t→∞

(22)

If pt converges to a unique, stationary probability vector, the system can said to be ergodic, in the sense that
it will be probabilistically reproducible: Regardless of the initial region of state space in which it is sampled,
the ensemble mean will converge in the infinite time limit to the time mean. Each propagator Pκ defines
a time-homogeneous Markov chain with well-known properties [19]: (1) The propagator Pκ is a stochastic
matrix with non-negative elements, i.e., Pi j ≥ 0 ∀ i, j, and the elements of each column sum up to unity, i.e.,
 Na
i=1 Pi j = 1 ∀ j. These properties preserve the normalization condition of the probability vector. (2) The
sequence of probability vectors pt , t = 0, 1, 2, . . ., has no long-term memory, i.e., the state at iteration t + 1
only depends on the tth state and not on any previous iteration. (3) The absolute values of all eigenvalues of
this matrix do not exceed unity, which excludes a diverging vector sequence. (4) There exists an eigenvalue
λ1 (Pκ ) = 1 with algebraic multiplicity 1 and all other eigenvalues satisfy |λi (Pκ )| < 1 for i = 2, . . . , Na . This
is a consequence of the Perron–Frobenius theory for non-negative matrices [19]. The eigenvector p∗1 associated
with the dominant eigenvalue λ1 (Pκ ) fulfills the fixed-point equation Pκ p∗1 = p∗1 . Since |λi (Pκ )| < 1 for
i = 2, . . . , Na , the vector p∗1 is the only one that survives infinite iterations. Mathematically, the stationary
probability vector pκ must be identical with the eigenvector p∗1 associated with the dominant eigenvalue λ1 = 1
and thus is a fixed point to (21) for any t . If, however, p∞ is oscillatory or non-stationary, the system will
not be probabilistically reproducible, displaying a more complicated connection between the initial sampling
region and its convergence properties.
2.5 Control design using CROM
In the following, the discrete-state, discrete-time formulation of Sect. 2.3 is considered and the superscript “• ”
is dropped. A general ansatz for the control law for multi-input control is given by
Na

Bi χi (a)

κ(α) =

(23)

i=1

where the Bi ’s are real-valued vectors, a specific control input for each cluster i with length corresponding to
the number of inputs. Note that χi (a) is the characteristic function defined in (8) which assumes values 0 or 1
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depending on whether the current state a lies in cluster Ai . The specific cluster-dependent control action can
be selected from a predefined set of admissible control inputs.
Since the number of clusters and the number of admissible control actions are assumed to be fixed, there exist
a fixed number of possible control laws. For instance, let us assume that the state space is discretized into Na =
10 clusters, and we consider single-input control and the scalars Bi can assume two possible values, namely
0 or 1 representing an on–off controller (also referred to as bang–bang controller). Then, the possible control
laws are defined by all combinations of 0’s and 1’s. Let further the control law be represented by a string of 0’s
and 1’s of length Na . The number of 1’s in this string shall be denoted as Nv . The total
number of combinations
of how Nv 1’s can be arranged in this string, i.e., on Na clusters, is given by 0≤Nv ≤Na C(Na , Nv ) =
 Na

Na
0≤Nv ≤Na Nv = 2 . For the given example of Na = 10 clusters, the total number of control laws is thus
 10

10
0≤Nv ≤10 Nv = 2 = 1024:
κ 0 (α) = B0000000000 = 0,

(24a)

κ 1 (α) = B0000000001 = B1 δ(α − 1),
..
.

(24b)

κ 386 (α) = B0110000010 = B2 δ(α − 2) + B8 δ(α − 8) + B9 δ(α − 9),
..
.

(24c)

Na

κ

1023

(α) = B1111111111 =

Bi δ(α − i) ,

(24d)

i=1

where Bxxxxxxxxxx with x ∈ {0, 1} refers to the string representing the control law. Terms in the series which
are always zero independent of the state are neglected.
The control design task consists of determining the control law that minimizes the average cost function
(15). For any control law κ(α) (or κ l (α), respectively) such a cost Jκ can be simply evaluated,
Na

Jκ =

∞
j (i, κ(i)) pκ,i
=

i=1

Na

∗1
j (i, κ(i)) pκ,i
,

(25)

i=1

exploiting that the dynamics introduced by a control law κ(α) are described by Pκ . This is a critical enabler
for the control design as it allows the prediction of the invariant probability distribution p∞
κ by the eigenvector
1 of P (see Sect. 2.4.2). The local cost function j (α, κ(α)) =
associated
with
the
dominant
eigenvalue
λ
p∗1
κ
κ
κ
jα (α) + γ jb (κ(α)) encodes the costs jα associated with the prevailing cluster α, e.g., the mean lift or drag in
that cluster, and jb associated with the control action κ(α) applied when the trajectory resides in that cluster.
∗1
The probabilities p∞
κ or pκ , respectively, represent the average residence or sojourn times of the trajectory in
each of the clusters. Thus, each cluster-specific cost is weighted by the time duration the cluster is visited.
Having determined Jκ for all κ, the optimal control law is then given by
κ opt (α) = arg min Jκ .

(26)

b=κ(α)

The control law from (26) is referred to as greedy law or policy as it greedily selects the best control actions
based on J . The greedy law has to be taken with care as it could perform potentially suboptimal in the long
run, in some cases leading to the worst-case scenario [20,21]. More generally, a possible solution is to use a
learning algorithm which includes switches between exploration and exploitation phases such that the control
law does not select suboptimal actions [22].
3 Control of a separating flow over a smooth ramp
3.1 Flow configuration and numerical simulation
The two-dimensional flow is described by a Cartesian coordinate system in which the location vector is
denoted by x = (x, y)T where x is in flow direction and y is the direction perpendicular to x. The twodimensional velocity vector is denoted by u(x, t) := (u, v)T where u and v are the velocities in x- and
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y-direction, respectively, and t denotes the time. The pressure is represented by P. The non-dimensionalized
Navier–Stokes and continuity equations are
1
u + G b,
Re

∂t u + ∇ · (u u) = −∇ P +

(27)

∇ ·u =0
where Re = U∞ L/ν= 7700 is the Reynolds number based on the length L of the flat plate located upstream
of the contoured ramp at x ∈ [0, 1] [23]. Actuation is implemented via a steady local force field in y-direction
denoted by G. The function b is the time-dependent control input amplitude and has compact support in a
circular region. It is centered at x = 1 and the y-position is chosen such that the circular region is mostly
inside the boundary layer. The computational domain Ω for the flow comprises
Ω := {(x, y) : −1 ≤ x ≤ 10, f (x) ≤ y ≤ 2.6} .

(28)

The domain is discretized as mixed Taylor–Hood elements [24] on an unstructured triangular mesh comprising
8567 nodes with increased resolution around the leading edge, in the boundary layer and in the shear layer
region. A quadratic finite element method formulation is used to discretize the evolution equations with no-slip
boundary on the ramp and stress-free outflow. A detailed description of the solver can be found in [25,26]. A
rectangular velocity profile U∞ := u(x = 1, y) = (1, 0)T is used as inflow. The numerical time step is 0.005
and the sampling period of the snapshots is 20, i.e., t = 0.1. The topography of the smooth ramp is described
by a polynomial shape of order 7 [23,27]. Due to an adverse pressure gradient induced by the gradual change
in curvature along the ramp contour, the flow separates from the wall leading to a large recirculation area and
the development of a convectively unstable free shear layer. The latter gives rise to the Kelvin–Helmholtz
instability by which two-dimensional perturbations are spatially amplified that eventually roll up into vortices
[28]. This recirculation area is characterized by fluid moving in the opposite direction of the flow. Increased
pressure drag and reduced lift forces are often associated with the extent of similar recirculation areas on
airfoils. In this study, the objective is to reduce the recirculation area in order to attenuate the pressure drag.
The mean recirculation area R(t) is defined by
1
R(t) =
T2 − T1

T2 
H (−u(x))(t) dx dt

(29)

T1 Ω R

where H denotes the Heaviside function, Ω R is the chosen region for evaluation, and the limits for the temporal
integration are chosen such that the transient is excluded, i.e., T1 = 25 ≈ 4.4 Tsh and T2 − T1 = 70 ≈ 7.92 Tsh
with the shedding period Tsh = 1/ f sh of the uncontrolled flow. The estimation of the recirculation area is an
approximation assuming that the recirculation area corresponds to those regions where the streamwise velocity
component is negative. The average cost function to assess the performance of the control is defined by
J=

R(t)
R0 (t)

(30)

normalized by the mean recirculation area R0 (t) of the uncontrolled flow. An instantaneous and mean plot
of the recirculation area of the uncontrolled flow are shown in Fig. 1.

(a)

(b)

y

R0 (t)/ R0 (t)

1
0
1

0.5

x

y
0

−1

0

1

2

3

4
x

1

5

6

7

8

9

0

0

20

40

60

t

Fig. 1 Recirculation area (shown in red) of a, top, an instantaneous velocity snapshot and (a, bottom) the mean flow, and b time
series of the normalized recirculation area for the uncontrolled flow (color figure online)
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3.2 Control results
In this section, we develop an on–off controller which exploits the effectiveness of periodic open-loop actuation.
We consider single-output control laws of the specific form
Na

κ(α) =

Na

Bi χi (a) =
i=1

B̂i sin(ω p t) χi (a)

(31)

i=1

where B̂i denotes a fixed amplitude for the actuation which can assume values {0, 2}. Thus, the clusterdependent control actions Bi become time-dependent scalars and the control law is uniquely determined by
the amplitude B̂i , which determines whether the periodic excitation is turned off ( B̂i = 0) or on ( B̂i =
2), respectively, depending on the prevailing cluster Ai . A suitable angular frequency for ω p can be easily
determined using open-loop periodic forcing and selecting the frequency for which the recirculation area has
decreased most. For the considered flow simulation, this frequency has been determined as f p = 0.45. Thus,
the control law is based on the best periodic excitation exploiting that this frequency is known to be effective.
The system state a := [a1 , . . . , a N ]T is given by

a(tm ) = TN um (x) dx
(32)
Ω

projecting the instantaneous velocity snapshot um onto the first Npod = 10 proper orthogonal decomposition
p
p
p
[29] (POD) modes ui (x) constituting the columns of  N := [φ 1 , . . . , φ N ]. These POD modes are computed
from a snapshot ensemble sampled of a flow under periodic excitation with f p = 0.45.
The data for the cluster and model identification is collected by applying the actuation signal (see Fig. 2),
which comprises time spans where the control is either turned on or off. The temporal signal of the POD
coefficient vector a is computed from the acquired snapshot set according to (32). The state space is discretized
M
by applying an unsupervised clustering algorithm (see Sect. 2.4.1) to the data ensemble {am }m=1
with the
number of clusters Na = 10. The cluster centroids based on the vorticity of the snapshots belonging to
each cluster are displayed in Fig. 3. Most centroids, i = 2, 3, 4, 5, 6, 7, 8, represent the lock-in state when
periodically exciting the flow. The remaining centroids, i = 1, 9, 10, are associated with the uncontrolled flow.
Transient states are not resolved into individual clusters.

b(t)
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100

150
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κ̃ sin(ωp t)

Fig. 2 Actuation signal for model identification switching between phases where b = κ̃ sin(ω p t) and b = 0
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Fig. 5 Optimal control law: a set of control laws
∈ {1, . . . , 1024}, b, top their average cost Jκ [see (25)], and b, bottom the
eigenvector p∗1 corresponding to the dominant eigenvalue λ1 of the associated transition matrix Pκ . The symbols open square
and filled square depict the control state “off,” i.e., χα (a) = 0, and “on,” i.e., χα (a) = 1, respectively. Note that the control laws
in both figures in (b) are sorted according to descending costs Jκ . Thus, the best control law corresponds to the right most control
law

A local cost function j (i) is associated with each cluster Ai
j (i) =

1
ni

R(tm ).

(33)

am ∈Ai

in terms of the recirculation area averaged over the snapshots belonging to cluster Ai . The desirability of a
particular cluster is thus represented by this cost taking into account the control objective (compare Sect. 3.1),
while the control input is not penalized here. The control-dependent transition probabilities are computed
according to (19) in Sect. 2.4.2 and are used to construct the cluster transition matrices Pκ prescribing the
dynamics under control law κ.
The feedback control loop is displayed in Fig. 4. A sensor reading s is fed back to the controller in which
first the prevailing cluster α is computed and then the control input b is determined based on the control law
κ(α). Here, full-state information is assumed, i.e., s = a. A realistic system is generally affected by noise
which is neglected in this study. A sensor measures the performance J of the control law with regard to the
control objective. The set of control laws to be evaluated is shown in Fig. 5a. The abscissa depicts the control
laws κ l (α) and the ordinate corresponds to the cluster index i, which is selected by the prevailing cluster α.
The asymptotic probability vectors p∞
κ ∀κ originating from the dynamics prescribed by Pκ can be predicted
by the corresponding eigenvector p∗,1
κ (see Fig. 5b, bottom). The associated average cost (25) is displayed
in Fig. 5b, top. The optimal control law κ opt = B0010101111 as determined by (26) is the right most. The left
most probability vectors are clearly in favor of cluster 1, 9 and 10, and have comparably low probabilities
in the remaining clusters. For these control laws, the flow remains mostly in the clusters corresponding to
the uncontrolled flow (compare Fig. 3). In contrast, for those probability vectors on the right-hand side, the
condition is reversed: the probabilities of clusters 1, 9 and 10 are much lower and those of the remaining clusters
have increased. Thus, these control laws direct the flow to clusters associated with smaller recirculation area.
This analysis is based on the prediction of the models Pκ . In addition, all control laws are evaluated in the
 T2 2
1
b (t) dt based on the
numerical simulation. The mean input energy is defined by Jb = b2 (t) = T2 −T
1 T1
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Fig. 6 Pareto diagram of control laws showing the trade-off between reduction in the recirculation area and the required control
effort

applied actuation signal b to assess the required control effort. A Pareto diagram of the control results is shown
in Fig. 6. The axes of Fig. 6 are normalized based on the mean recirculation area of the uncontrolled flow and
the mean input energy of the open-loop periodic forcing. The periodically forced flow has clearly the smallest
recirculation area (23%). The optimal control law κ opt produces a slightly larger recirculation area (28%).
Note that the asymptotic average cost (with respect to the local cost) of κ opt predicted by the model is about
0.4, while its evaluation yields approximately 0.46. Interestingly, the optimal control law yields a comparable
J while considerably decreasing the required input energy by 43%. There is a trade-off: the recirculation area
cannot be reduced without increasing the required input energy. If these effects are weighted evenly, the best
trade-off is achieved by control law #258 (B0100000010 ) with a recirculation area corresponding to 29% and a
reduction in the input energy by 81%. This control law can be attributed to the synchronization of the flow
to recurring peaks in the actuation with frequency f p . The performance of control law κ opt is also compared
for different initial conditions (shown as  symbols in Fig. 6), which are chosen as the closest snapshot to
each of the centroids. The dependency of κ opt on the initial state may be reduced by increasing the number of
clusters to improve the resolution of transient processes and by considering longer and richer training data for
the model, that sufficiently captures these transients, but may also originate from a sensitivity of the flow to
initial conditions.
The analysis of the similarity of the actuation time series resulting from applying the control laws can give
additional insights into the cluster-based approach. In Fig. 7a, a two-dimensional plot is displayed where each
circle corresponds to a particular control law κ l . The distance between these circles depicts their respective
similarity as defined in (34) in the appendix. The color of the circles depicts the percentile rank of J associated
with a particular control law, e.g., 90 and higher correspond to the best 10% of control laws. The percentile rank
is computed using the nearest rank method. The control laws are arranged in several groups G k , k = 1, . . . , 8,
(numbered in circles for later reference): two lower bright groups corresponding to poorly performing control
laws, three large groups with mixed performance on the left-hand side and three groups of similar size on
the right-hand side with predominantly better performance. The grouping of the clusters is influenced by the
state space discretization. For example, the uncontrolled flow exhibits mainly clusters 1, 9, 10 with negligible
probability for clusters 2 and 3. Any control law of the form B000xxxxx00 , where x can be any control value,
must be similar to b(t) = 0 ∀t and perform like the uncontrolled flow and thus belong to the same group
in Fig. 7a. This interpretation is corroborated by the results in Fig. 7b, c. Figure 7b shows the probability,
that actuation is on, i.e., B̂i = 0, in the particular cluster, per group and cluster. Figure 7c gives additional
complementary information with respect to the performance. Several observations can be made: (1) The nonor poorly performing control laws in G 6 and G 7 have all no actuation in at least clusters 1, 9 and 10. (2) All
control laws κ l with l ∈ {G 1 , G 4 , G 5 , G 7 } (upper right-hand side of Fig. 7a) have actuation B̂2 = 0 in cluster
2 in contrast to those remaining ones on the left-hand side, which all have actuation off. In particular, the best
performing 25% control laws have all B̂2 = 0. (3) The distribution in the γ2 -direction can be explained by the
actuation in clusters 1,9 and 10. If more of these clusters have actuation B̂i = 0, i ∈ {1, 9, 10}, the control law
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(a)

(b)

(c)

Fig. 7 Control law analysis: a two-dimensional visualization of the control laws based on their similarity and colored by the
percentile rank of their performance J , and b percentage of control laws in each group [according to numbering in red circles in
(a)] that have the control law on in a cluster, and c similar analysis such as (b) but with respect to the performance of the control
laws. For details see text (color figure online)

is located farther away from the poorly performing control laws in G 6 and G 7 . (4) Actuation in clusters 2, 3,
and 8, i.e., actuation only at particular phases of the flow, is crucial to obtain a good performance.
As a final remark, we assess the complexity of the approach by comparing the number of snapshots of
the training data for the CROM-based control law and that collected from the brute-force search. For the
cluster and model identification steps M = 1650 snapshots have been analyzed comprising few transients
between the controlled and unforced flow which is comparable to other model-based approaches. In contrast,
Mtot = NvNc · M = 210 · 700 = 716800 snapshots have been collected in the exhaustive search. Thus, the
required training data amounts to 0.23% compared to brute-force search.

4 Conclusions and perspectives on future directions
The present study proposes a cluster-based control strategy for the determination of optimal control laws
for unsteady fluid flows. This framework builds upon a cluster-based reduced-order model (CROM) which
translates high-dimensional, nonlinear dynamics into low-dimensional, probabilistic dynamics. The control
problem is formulated as a combinatorial optimization problem for the average cost. The ability to find the
optimal control law in an unsupervised manner highlights the generic applicability of the framework to other
dynamical systems.
The approach is demonstrated for a separating flow over a smooth ramp with the aim to reduce the
mean recirculation area. In particular, the control-oriented CROM is learned in the subspace spanned by the
dominant POD modes associated with the flow state under the best open-loop periodic forcing to examine
whether improvements can be achieved. An important observation is the trade-off between the recirculation
area and the required control effort. One cannot be decreased without increasing the other. Intriguingly, while
the number of clusters is too low to resolve the transition process, considerably reductions in the input energy
can be achieved through the optimal control law while yielding a similarly reduced recirculation area with
respect to periodic excitation. One particularly efficient control law is attributed to the synchronization of
the flow to recurring peaks in the actuation. Similarly to sinusoidal forcing, the flow exhibits a lock-in state
with the actuation frequency. As a consequence, the flow separates later with much smaller vortices shedding
closely along the wall.
Low-dimensional modeling and control based on a coarse state space discretization have gained more attention in the fluids community over the last decade as it enables the simplification of computational algorithms.
In particular, the k-means algorithm has emerged as an efficient data-driven method to group kinematically
similar states leading, e.g., to a hybrid feature extraction approach combining centroidal Voronoï tessellation
with proper orthogonal decomposition [30]. Recent developments in transition matrix models show that these
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can be an appealing alternative to deterministic models due to their simplicity and predictive capabilities. [31]
developed a transition matrix model describing the switching behavior between different coherent structures
in pipe flow. More recently, in [32] an optimized transition matrix model has been inferred from data to predict
the evolution of an observable related to the El Nino phenomena. We briefly mentioned CROM’s connection
to the Perron–Frobenius operator. Approximations of this operator can be used to determine so-called almostinvariant sets, coherent state space regions in which the trajectory resides for a long time before switching to
another set. In [33], regions of these almost-invariant sets [34, e.g.] have been related to linear and nonlinear
dynamical behavior, respectively, of the system. While the use of transition matrix models for analysis and as
a predictive tool has been very successful, their exploitation for the control of fluid flows is still a challenging
endeavor. One direction is model predictive control based on the Markov model. Markov models are appealing
as statistical properties can be computed exactly for the models and these are often good approximations for the
real system. When applying control, the system dynamics change and a previously learned model may become
invalid and looses its predictive power. A model predictive control variant where the model is continuously
updated and used as a predictor over a finite time horizon can avoid this issue.
While a model-based control strategy is appealing, as this allows to incorporate additional information
on the environment guiding the decision-making, it is also challenging with respect to the aforementioned
difficulties. Hence, alternative model-free variants shall be briefly discussed here. Discrete formulations such
as the proposed cluster-based control framework face the curse of dimensionality [35] where the high dimensionality of the problem as a result of the discretization prevents an exhaustive search for the optimal solution.
Model-free extensions such as approximate dynamic programming exist to approximate the optimal cost function, e.g., using function approximators [36] or by successively improving the cost function through learning
[22]. For instance, a recent study [37] employs Q-learning to determine the best control law for drag reduction
on a cylinder. Alternatively, other optimization algorithms for the exploration of the solution space could be
employed in order to circumvent this difficulty. For example, genetic algorithm, an evolutionary optimization
method classically used for parameter optimization [38], aims to find the optimal solution by generating and
evolving a set of candidate solutions based on the natural selection process. The clusters resulting from the
state space discretization can also be interpreted as trust regions leading motivating trust-region reduced-order
modeling [39,40].
The online capability of control strategies is critical for their application in realistic configurations. For
a low number of sensors, e.g., of O(1)–O(103 ), the involved calculations when applying the control law
are sufficiently fast. If the flow state is based on velocity field measurements typically of O(105 )–O(107 ),
the clustering algorithm is applied in the POD space as similarly done in this study. Then, the method will
benefit from recent advances in compressed sensing [41] to find optimal sparse sensors in the high-dimensional
velocity space that determine the instantaneous cluster affiliation.
Flow control has a long tradition in scientific and engineering applications. We believe that recent advances
in data science [42,43] and machine learning techniques [37,44–46] will play an important role in flow
control in the coming years. The cluster-based control framework, which is purely data-driven and determines
optimal control laws in an unsupervised manner, contributes to this direction. The proposed approach offers a
promising new path for controlling the ergodic measure on the attractor taking into account nonlinear actuation
mechanisms.
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Appendix: Visualization of control laws
For the purpose of visualizing the similarity of the control laws, a distance matrix D

Author's personal copy
E. Kaiser et al.

Di j =

1
2

T



bi (si (t)) − b j (si (t))

t=1

2

+

1
2

T



bi (s j (t)) − b j (s j (t))

2

(34)

t=1

is defined. The bi (si (t)) := κ i (si (t)) is the time series of the control input based on sensor readings si when
applying control law κ i . The time series bi (s j (t)) := κ i (s j (t)) is obtained from evaluating κ i using sensor
readings s j which are collected when κ j was applied. This permutation is incorporated to ensure the symmetry
of D. Note that s = a in the case of full-state information.
A simple method that optimally preserves the control laws’ pointwise distances is multidimensional scaling
(MDS) [47,48]. For a given distance matrix according to a (possibly non-Euclidean) distance metric, MDS
aims to find corresponding points in a low-dimensional subspace so that the distances between the points are
preserved. We consider here in particular classical MDS (cMDS) which aims to approximate the distances
in the subspace in a least mean square error sense. cMDS assumes that the distances are prescribed by the
Euclidean metric which results in a connection between the Gram matrix B =   , where  = [γ 1 . . . γ N ]
contains the data points as columns, and the distance matrix D which can be computed by double-centering of
B. Specifically, B = CD2 C where C = I N − N −1 1 N is the centering matrix with the N × N identity matrix I N ,
a N × N matrix 1 N of ones, and D2 contains the squared distances between the γ i ’s, i.e., (D2 )i j := − 21 Di2j .
The points in  can then be recovered from the eigendecomposition B = VV via  = 1/2 VT where
 contains the ordered eigenvalues λi , i = 1, . . . , N , and V contains the eigenvectors as columns. Thus, a
representation for the γ i ’s can be determined from knowledge of the distance matrix. Keeping only the first r
eigenvectors yields a r -dimensional approximation of the true γi ’s. If the distance matrix is computed using
the Euclidean norm and Nz eigenvalues are exactly zero, there exists an exact representation of the points in a
N − Nz -dimensional space. In particular, a two-dimensional subspace denoted by γ1 and γ2 for visualization
purposes is of interest here. The solution can vary in terms of a translation, a rotation and reflections. Obviously,
if the distance matrix is measured via the Euclidean metric, this method coincides with the POD, and the mean
is at the origin and the axes are the POD eigenvectors [48]. If the distances are computed using a different
metric such as (34), the method yields only an approximative representation.
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46. Parezanović, V., Cordier, L., Spohn, A., Duriez, T., Noack, B.R., Bonnet, J.P., Segond, M., Abel, M., Brunton, S.L.: Frequency
selection by feedback control in a turbulent shear flow. J. Fluid Mech. 797, 247 (2016)
47. Mardia, K.V., Kent, J.T., Bibby, J.M.: Multivariate Analysis. Academic Press, Cambridge (1979)
48. Cox, T.F., Cox, M.A.A.: Multidimensional Scaling, Monographs on Statistics and Applied Probability, vol. 88, 2nd edn.
Chapman and Hall, London (2000)

